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Memoro pobomu € cnpoba nobyoosu 6azucHux GyHKyit 011 mpueumi-
PHUX CUMNIEKC-eleMEeHMI8 NIHIUHO20 MUNY, Wo GUKOPUCMOBYIOMbCA Y YUCe-
JIbHOMY MemoOi pPO038 3Y8AHHSA IHHCEHEPHUX 3a0ay — MemoOoi CKIHUEHHUX
enemenmis (MCE).

Knrouoei cnosa: memoo cKinueHHUX eleMeHmis, MpUSUMIPHULL CUMN-
JieKc-enemenm, 6a3ucHi pyukyii

3acToCcyBaHHS B IH)KEHEPHIN MPAKTHUI[ YUCEITHHUX METOIB 3BOAUTHCS
710 3aMiHM PIBHSHBb MaTeMaTH4HOI (i3UKK JUIs PYHKIII HEIepepBHOTO apry-
MEHTY alreOpaiyHUMU PIBHSHHSAMHM IS CITKOBHX (DYHKIIIH, IO 3a1af0ThCS
Ha JMCKPETHI MHOXHWHI TOYOK (ciTii). [HaKme kaxyuu, 3aMiCTh Hemepe-
PBHOI MOJIeJIi cepeIoBUIIa BBOJAUTHCS i1 JUCKPETHUN aHAJIOT, IO A€ 3MOTY
3aMIHUTH CKJIaJHHUH, TPYJOMICTKUH 1 TOPOTHIl (I3UYHUNA EKCTIEPHMEHT €KO-
HOMHIIIUM MaTeMaTUYHUM (YHCEbHUM) eKcliepuMeHTOM. B yMoBax 3ara-
JHHOI KOMIT IOTepH3allii HAyKOBHX JOCITIIKEHb TOJOBHHM O0’€KTOM IIpH
pPO3B’s3yBaHHI 33/1a4 MaTeMaTU4YHOI (DI3UKK CcTae He KiIacu4He nudepeHiia-
JbHI PIBHSHHA 3 YACTUHHUMU TOX1THUMH, a HOTO TUCKPETHHUI aHAJIOT.

MeToa CKiIHUCHHHX €JIEMEHTIB 3aCHOBAHHMH Ha i€l ampokcumarii He-
nepepBHOi QyHKIIT (TeMnepaTypH, TUCKY, IEPEMILICHHS 1 T.II.) JUCKPETHOIO
MOJICIUTIO, sIKa OYyye€ThCsl HA MHOXKHHI KyCKOBO-HEIIEPEPBHUX (PYHKITIN, 110
BU3HAYAIOTHCS HA CKIHUEHOMY YHCIHI Mio0iacTel, sKi Ha3UBAIOThCA eleMe-
Htamu [1].

Matemarnuna ocaoBa MCE — Bapiariiine yucnenns. JudepeHniianpae
PIBHSHHS, IO OMHUCYE 3aJa4dy 1 BIAMOBIAHI TPaHUYHI YMOBHU BUKOPHCTOBY-
I0ThCS JIsl IOCTAHOBKY BapialiifHOl 3a/1a4i, sika TIOTIM PO3B’sI3yE€ThCs O€3110-
cepennpo. 3 miei Touku 30py MCE npencrasisie co00r0 HEsSBHE 3aCTOCYBaH-
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Hs Metoay Pitua Ha oxpemux Biapizkax. Di3uuHa 3a/1a4ya 3aMIHIOETbCS KyC-
KOBO-TJIa/IKor0 Mozeuto. B Takiit intepnperanii MCE nae 3mory iHxeHepy
BUKOPHUCTOBYBATHU CBO€ 1HTYITHUBHE PO3YMIHHS 3a/1a4l.

B sikocTi QyHKUIT eneMeHTa HailuacTilie BUKOPUCTOBYIOTH MOJiHOMHU.
[Topsimok mosiHOMY 3aJI€XHUTh Bij YMClia JaHUX MPO HETEpepBHY (DYHKIIIIO,
10 BUKOPUCTOBYETHCS HAa KOXKHOMY By31i enemeHTa. Kiacudikaris ckiH-
YEHHUX €JIEMEHTIB MOK€ OyTH MPOBEICHA Y BIAMOBIAHOCTI 3 MOPSIKOM TIO-
JTiHOMiaNbHUX (QYHKLINA 1UX eneMeHTiB. [Ipu npomMy po3risaarTh Taki rpy-
U €JIEMEHTIB: CUMILIEKC-, KOMIUIEKC- 1 MYJIbTHILICKC-CJIEMEHTH.

B naniii po60Ti 30cepeauMo CBOIO yBary Ha cumiuiekcax. Cumriexc-
€JIeMEHTaM BIJIMOBIIAIOTH TOJIHOMH, IO MICTSITh KOHCTAHTY 1 JIIHIMHI dJie-
HU. Yncao KoedilieHTiB B TAKOMY MOJTIHOMI Ha OJIMHUIIIO OLIbIIE PO3MIpHO-
CT1 KoOpAKUHATHOTO rpocropy. [loninom

U=a,to,x+a,y+a,z (1)

MPEJCTaBIsE COOOK0 CUMIUIEKCHY (YHKIIIO A TPUBUMIPHOTO JIiHIHHOTO

enementa y dopwmi terpaenpa [2] 3 sepumunamu (i), (7), (k), (/). Moxizom (1)

JTHIMHUHT 1O X, y, Z 1 MICTUTh YOTHPH KOe(]ilieHTH (3a KUIBKICTIO BY3JIiB Te-
Tpaeapa).

Bysi0Bi 3HaueHHs urykanoi ¢ynkuii noswaveni U,,U, U, ,U,, a By3-

JIOBI TOYKM 3a/Ial0ThCSl KOOPAMHATAMHU (X LY, Z. ) (X Y.z, ) (X oY Z, )
(X Y.z, ) AmNpoKcUMYIOUni MoiHoM Mae BUrisf (1), mpu nboMy y By3Jax
BUKOHYIOTBCS YMOBU:

U=U, xomu(x,y,z)=(X,Y,Z2,),
U=U, xom(xyz)=(X,¥,2,)
U=U,,komu(x,y,z)=(X,,Y,,Z,),
U=U, konu(x,y,z)=(X,.Y,Z).

bepyuun no yBaru 1i ymoBwu, 3 ¢popmynu (1) orpumaemo cucremy Ji-
HiMHUX anreOpaiuHUX PiBHSHB (2) BIAHOCHO HEBIIOMUX a,Q,,0;,0, :
o +a, X, +aY +ao,Z =U,
a+a, X, +aY, +a,Z, =U, @)
o+o,X, +aY, +o,Z, =U,
o +o, X, +aY, +a,Z,=U,
HICIIs PO3B’A3aHHS AKOI MOXKHA OTPUMATH 3HAYECHHS 0,0, 0;,0, BUPAKEHI

yepes By3JI0B1 3HAUEHHS 1 KOOPJMHATU BY3JIiB.
[TokaxxeMo, 110 MiACTAaBUBLIM OTPUMAaHI 3HAYEHHS a,,0,,0;,0, B (1),

Bupas mig U MoHa mpuBecTH 10 BUriay (3), Ae depes él.,é‘_].,fk,fl o-

3Ha4eHi 6a3ucHi QyHKII{
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U=Ug, +Ujé:j tUG UG . (3)

Ockinpku Bu3Ha4HUK cucTeMu (A) 3B°si3amuif i3 06’eMoM TeTpaenpa V

CIIBB1JIHOILIEHHSM (4)

1 Xi K Zi
(PN a A=6V, (4)
1 Xk Yk Zk
1 Xl Yl Zl
cucteMy (2) MOKHA po3B’sA3aTH, HAPUKIIA, 3a npaBuwiiom Kpamepa
aszﬁ, s=1,2,3,4 (%)
A
Ui Xi Yl Zi 1 Ui Yl Z[
k k k k k k k
Ul Xl Y; Zl 1 Ul Y; Zl
1 X, U Z 1 X, Y U,
A = L X, U, Z A = L X, ¥ U
v x, Uz |0 Y1 X, v U,
1 X, U, Z 1 X, Y U,

I3 BpaxyBaHHAM OTpUMaHMX 3HaueHb ¢, MOdiHOM (1) HaOyne Burisny (6):
1
- Z(Al tax+Ay+ A4Z)- (6)

OOuucneHHs: BU3HAYHUKIB A, (s = 1,2,3,4) YETBEPTOro MOPSJIKY 3Be-
JIeMO 10 OOYKMCJICHHS BU3HAYHHKIB TPETHOIO MOPSIIKY, PO3KIABIIM 1X IO
CTOBIIIISX, 11O MICTSITh 3HAUEHHS BY3JI0BUX (YHKITIH:

4 =U04"-U,49+U, 4" -U,4"
4y =-UA)+U, 4D -U, A% +U, 4"
A, =UA-U A +U, AV -U, A
4, =-UA)+U A -U A +U 4]
ne uepes A9, A, A®) A nosuaveni Bianosinui anreGpaiuHi 10MOBHEHHSL.
[TincraBuBImIM 3HaUeHHs 4, y Bupa3 4, +4,x+ 4,y +4,z, oTpumaeMo
U=Ug, +Ujé:j tUE, tUG,
_ 4 thxteytdz, & = a; +b«/’X+ij+de .

Ae ; e 5
‘ 6V / 6V
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a,tbx+cy+d:z a,+bx+cy+tdz

ék - o) 5 ng = o) 5
a, = A(li) a,=- (lJ') a, = A(lk) a, = _A(ll)
b=—A) | | b,=A) | | b==AD| | b=AY
¢, = A(é) c, = —A({) ’ ¢ = A(f) ’ ¢ = —A(é)

—_ AW — AW) — _AK) —AD
d; =—A, dj = A, d, ==A, d, = A,

ITpu nbomy &, =1 y By3il 3 HOMEPOM i Ta JOPIBHIOE HYJIIO y By3JaxX 3
HOMEpaMHu J,k,/. AHanmoriuHi yMOBH BUKOHYIOTHCS Ui 0a3UCHHUX (YHKIIN
¢ j,fk,f, (y By3max j,k,/ BOHM, BiINOBIAHO, PiBHI OJUHUII, & B 1HIIUX BY3-
Jax HyJIto).

CkansspHa BenuunHa U BHM3HA4YaeThCsl BCEPEAMHI €JIeMeHTa Oa3HCHU-
MU QYHKIISIMH, JTIHIHHAME TI0 X, V,z. Lle o3Ha4ae, 1m0 rpagieHTH i€l BeIu-
YMHU Yy HAaNpsMKax X, Y,z OyayTb NOCTiiiHI. 30KpeMa, TPajlieHT y HANPIMKY
X BHM3HAYA€THCS BUPA3OM

. o¢ .
a—UZUi%"i‘U.i-i‘Ukai-i‘U[%,aﬂe %Zbr,rzi,j,k,l,
ox ox ! ox Ox ox ox
TOMY
aa—: =bU, +b.U, +bU, +bU, . )

Ockinbku b;,b;,b;,b, moctiiiHi (BOHH (IKCYIOTBCSA K TUIBKU 3a/iaHi
By3J10B1 koediuientn) i1 U, , U /.,U .,U, He 3aJlexarhb Bl KOOPAUHAT IIPOCTO-

Py, YacTHHHA 1moxinHa B (7) Mae nocTiiiHe 3HaueHHs. [locTiifHicTh rpaaieHTa
BCEPE/IMHI KOXKHOTO €JIeMEHTa O3Haydae, [0 HEOOXIJTHO BUKOPHCTOBYBATH
Jy’e Majli 32 BEJIMUYMHOIO0 €JIEMEHTH, 11100 alpOKCUMYBATH IIBHJIKO3MIHHY
¢byskuio U.

BinznaunMo AB1 KOPHUCHI BIACTUBOCTI TPUBUMIPHOTO CUMILIEKca (TeT-
paenpa). Ilo-mepuie, ¢yskiis U 3MIHIOETBCS JIHIKHO MiX JBOMa Oyab-
AKMMU By3namMu. OCKUIBKM BY3JIM BU3HAYalOTh I'paHUIll enemeHta, 1o U
3MIHIOETHCS JIIHIMHO B3J0BXK KOXHOI 3 YOTHPHOX HOTo rpaHei. 3BiAcCH BU-
IUIMBA€ Jpyra KOPHCHA BJIACTHUBICTh: Oy/b-sKa MOBEPXHs, B3AOBXK sikoi U
npuiiMae OHAKOBI 3HAYEHHSI, € IUIOIMHA, 10 MIEPETUHAE TPH I'PaHi eIeMeH-
Ta. BunsaTkoMm OyJie BUNA0K, KOJIU B YCiX By3/1ax 3HauyeHHA U OJHAKOBI.

JIBoBUMIpHUI BapiaHT CUMIUIEKC-E€JIEMEHTIB JIIHIMHOTO Ty y (opmi
TPUKYTHHKA € OKpPEMHM BHIIaJKOM IIPOCTOPOBOIO BapiaHTy CHMILIEKC-
enemMeHTiB y dopmi terpaeapa. [Ipu nmpoMy B anmpoKCHUMYIOUOMY IOJIHOMI
KIUTBKICTh KOe(illi€EHTIB HA OJIMHUIIIO MEHIIIA

U=a,to,x+o;y. )
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BukoHaBIIM 3HAYHO MpOCTIiMI Ail HaJ BABHAYHUKAMH JIPyroro mopsii-
Ky, OJiHOM (8) MO>KHa PUBECTHU A0 BUTIIALY (9)

U=Ug +Ui +U g, 9
ne 6asucHi pyHkuii &, ,¢ j,dfk BH3HAYAIOTHCH 13 CITIBBIJHOIICHD
| @, =X,Y, - X,
‘fi:E(ai-’_bix—’_ciy)’ b,=Y,-Y, ,
=X, —-X,
a,= XY -XY,
sz—(aj+bjx+cjy), b=Y =Y r;
¢ =X,—X,
. a,=XY -X}Y,
C-'fk:g(ak—‘rbkx—i_cky)’ b=Y -Y,
¢=X,-X,

TyT depe3 S MO3HAYEHO IUIONLYy TPUKYTHUKA (CHMIUIEKC-EIEMEHTa) 3
BEPIIMHAMHU y TOYKaX (X Y ) (X 3 Y/) (X oY )

ITpu npomy &, =1 y By3ii 3 HOMEPOM i Ta JOPIBHIOE HYJIO Y By37aX 3
HOMEpaMH j 1 k. AHaJOriuHI YMOBU BHKOHYIOTbCS JJIs1 Oa3UCHUX (DYHKITIH
¢, ¢, (y By3nax j, k BOHH, BIANOBIIHO, PIBHI OJUHHI, a B IHIIUX By3/axX —
HYJIIO).

Tenep BKakeMO Ha MOXKIIUBICTh CIPOIICHOTO CIOCO0Y SBHOT MOOY/10-
BU OasucHux QyHkuii ¢, ¢, ¢, ¢;. s 1boro, He 3MEHIIYI0YH 3arajibHOCTI,
BHOEpeMO BcepeIrHi TeTpaeapa JOBUIbHY TOUKy M (x, y,z) 1 3adikcyemo fii,
Hexail e Oyne Touka M (xo’ yo’zo) OO6uncnuMo 3HauYeHHA ¢, (xo’ yO,ZO):

1 : 4
=5(ai +bx,+c,y, +d,z,). 13 BpaxyBaHHSM TOTO, WO @, = AI(’) , b= —Ag’) ,
¢ = A;i) , d. = —Aﬁi), BUpA3 y Iy’KKax Ui ¢, HaOyle BUIIALY:

XJ' YJ Zj 1 Yz Zi
(Al(i)—Agi)xO+A§i)yo—A£i)zo)=1- X, Y, Z|-x|1 Y, Z, |+
XY Z LY Z
I x zZ
1 X, Z, 1 X, Z, 0o
1 X Y Z, ‘
1 X, Z, |-zl X, Z, |= o T =610,
L X, Y Z
1 X, Z 1 X, Z
1 X, v Z

~
~

_

).

ne V" — 06’em terpaespa 3 Bepumnamu y Touxax (M, ),(j),(k),
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OTtxe,
6.7 )
M,)=—"L =", 10
&M)==—-== (10)
AHAJIOTIYHO OTPUMYEMO:
y ) %) y )
&My) === 6 (M) ==& (M) ==~ (11)

To6to, 6a3ucHi ¢GyHKIII BU3HAYAIOTHCS SK BITHOIICHHS BIATIOBIIHUX
00’eMiB TeTpaepiB, Ha SIKI MOAIICHUN CUMILIEKC-EJIEMEHT, 10 00’ €My yCho-
ro eneMmeHTa (terpaesapa). [Ipu 1boMy BUKOHYETHCSI yMOBA!

Z—':i(MO)+§j(M0)+fk(M0)+§l(M0):1' (12)

Y BunajiKy ABOBUMIPHOTO BapiaHTy CUMILIEKC-eJIeMeHTa y (popmi Tpu-
KyTHHKa, 0a3ucHi ¢yHKIii OyayTh BU3HAYATHUCH SK BIJHOIICHHS BiAMOBIJI-
HUX IUJIONI TPUKYTHHUKIB, HA SIKI MOJALJICHO €JIEMEHT, 0 IJIOLI YChOro eje-
MEHTA.

Cnin 3a3HauUTH, 110 PO3B’SA3yBaHHS TPUBHUMIPHUX 3aJau nependavae
MOJI0JIAHHA CYTTEBUX TPYAHOLIIB NMPH PoOOTI 3 BX1IHUMHU JaHUMU. Ocobmu-
BO Ba)KKOIO POOOTOIO € 100y10Ba TPUBUMIPHOI CITKH, KA B CKJIaJHUX CTPY-
KTypax HE MO)X€ BUKOPHUCTOBYBATHCH TOBHICTIO aBTOMAaTHYHO TpHU 30epe-
KEHHI pPeryJsipHOCTi GOpM yCiX i1 eeMeHTIB.

[ToOynoBa mMaTemaTuuHOi MoOAeNl 0a3sUCHUX (YHKIINA TPUBUMIPHOTO
CUMILJICKC-€JIEMEHTa JIIHIHHOTO TUIY Yy (opMi TeTpaenpa € MnepeayMOBOIO
CTBOPEHHS cydacHoro npoctopoBoro Bapianty MCE — cnocoOy oGepranus
TeTpaesipa, aHaJoriyHo JBoBUMipHOMY Bapianty MCE — cnocoly oGepran-
Hs TpukyTHUKA [3]. ToMy BakJuBI MUTaHHS JUCKpeTH3alli 00JIacTi, BKIIO-
YEeHHsl eJeMEHTa B 00JacTb Ta 00’ €JHAaHHS CKIHYEHHUX EJIEMEHTIB B aH-
camOJIb TYT HE PO3TIISIAIOTHCS, OCKIJIBKA BOHH HE € METOIO IMOaJIbIINX JI0-
cii/pkeHb. Po3poOka MaremaTHyHOrO 3a0e3Me4eHHs Ta O0IPyHTYBaHHs Ipo-
CTOPOBOTO BapiaHTy METOJY NPHUCKOPEHUX CTAaTUCTHYHHX BUIPOOYBaHb 3
BUKOPUCTAHHSAM OJIHOTO CHUMIUIEKC-eJIeMeHTa y (GopMmi TeTpaeapa (crocody
oOepTaHHs TeTpaeapa) Oy/ie BUCBITICHO Yy HACTYITHUX ITyOJiKaIisax.
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CREATION BASIC FUNCTIONS FOR THREE-DIMENSIONAL
SIMPLEX ELEMENTS

V. M. Senychak, V. V. Senychak
Ivano-Frankivsk National Technical University of Oil and Gas;
76019, Ivano-Frankivsk, Carpathians str., 15;
ph. +380 (3422) 72-71-31; e-mail: math@nung.edu.ua

The objective of the research is creation basic functions for three-
dimensional simplex type linear elements used in numerical methods for
solving engineering problems — finite element method (FEM).

Key words: finite element method, three-dimensional simplex element,
basis functions.
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