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We generalize a concept of function of bounded value | -distribution for
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tire functions of bounded value L -distribution in direction and entire func-
tions of bounded L -index in direction.
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Entire functions of bounded value distribution and of bounded value /-
distribution are investigated in the papers [1]-[3]. Particularly there are
proved a connection between these classes of functions and classes of entire
functions of bounded index and bounded /-index in papers [1] and [3]. We
introduced the concept entire function of bounded L -index in direction in
[4]. In connection with these papers we put next question: is there generaliza-
tion of concept of entire function of bounded value /-distribution for entire
functions of several complex variables and is there a connection between this
new class and functions of bounded L -index in direction?

Let L(z), ze C", be a positive continuous function.
Definition 1 (see [4]). An entire function of F(z), ze C", is called

function of bounded L -index in the direction of be C", if there exists
mye Z, such that for me Z, and every ze C" next inequality is true:

1 |6'"F(Z)| ax{ 1 |5kF(Z)|~()SkSm0},

mL"(z)| ob" |7 | KL (z)| b |

0"F(z) 8F(z) 8F(z) 0'F(z) o 0" 'F(2)

here ———=F A = (——2),k=2.
where = v —=F(2), jz:‘ b oot b apt Mk
We denote
. L(z+1tb) n

b 5t 1) = f e E—— - sS——,

A (@l 7) = in {L(zﬂ‘ob) =t L(z+t0b)}

XZ(ZBZLO’ 77) Sup{L(Z'Ftob) |t 0 |_ L(Z+t0b)}’

A (z,n) =inf {4 (z,t0,m) 1 ty€ C},A5(z,n) = inf {4 (2,10, 1) : t,€ C},
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A () =inf{4(z,n):ze C"}, () =inf{4;(z,n):ze C"}.
A class of functions L, which satisfy the condition
0< A (n) S A(n)<+w forall <0, we denote by Oy .

For fixed z’e C" let ¢, are zeros of function F(z°+b), i. e.

F(z"+c)b)=0. Then we denote n(r,z°,t,,1/F)= Z‘ o, .1 be a normed
ck— 0 <r

counting function of sequence zeros c;.

Definition 2 An entire function F(z), ze C", is called function of
bounded value L -distribution in direction be C" if exists pe C Vz,e C"
such that F(z’+thb)#0, and Vt,e C Ywe C next inequality is true
n(1/L(z° +t0b),zo,t0,1/F w) < p,

———— at most
L(z’ +tb)} P

i.e. the equation F(z’+b)=w has in {t:|t—t0 I<

. . . 1
solutions and, thus, F(z"+¢b) is p-valentin {¢:|¢—¢,|< —
L(z" +1b)

The corresponding Sheremeta’s result [3] is generalized for entire func-
tions of bounded value L -distribution in direction.
Theorem 1 Let Le Q,. Entire function F(z), ze C", is a function of

bounded value L -distribution in direction be C" if and only if its direc-
oF
tional derivative —— is of bounded L -index in direction b .

Proof. Suppose that F' if of bounded value L -distribution in direction

b, i. e. for all z’e C”" such that F(z"+b)#0 and for all "€ C function
F(z"+1tb) is p -valent in each disc < ¢:]t ¢, |< +
L(z" +1b)

To prove this theorem we need an following theorem ([5], p. 48, Theo-

rem 2.8).
Theorem 2 /5] Let D,={t:|t t,|[<R}, 0<R<w. If an analytic

function in D, is p -valent in D, then for j> p

(¢ A *®) (4
/@) ,'(°)|RJS(Aj)2Pmax —‘f];o”Rk:lSkSp , (1)
j
where A4 = const and A4 Zmaxp+2(8e”2)” 1—1. )
p 2 Jj
1
By Theorem 2 inequality (1) holds with R = L(z°—+t0b) for function

F(z° +tb) as function of one variable te C for every fixed z’e C”". Let
f(t)= F(z° +b), then we can easy prove that for every me N next equality
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) - 0’F(2° +1b) . )
is true 7 (¢) = B Put j= p+1 in Theorem 2. Then from (1) we
obtain
0" F (2’ +t,b) 0"F(z° +t,b)
ob?"! , ob*
i <(A(p+1))”" max - N<k<pr=
(p+DIL7" (2, +1,b) k'L (z, +1,b)
0" F(2° +t,b) 0" F(z° +t,b)
G DY LI P 1
S . max ASKS ‘maxy —:
i) L P (2 +1,b) P X

0" OF (2’ +1,b)
ob”? b
L’ (z,+1t,b)

1<k<pi=

IN

o' OF (2" +t,b)
ob*! ob
I (zo +2,b)

<L(Z"+tb)-(p+1)IA"(p+1)*” max

0" OF(z" +1t,b)
ob? ob
L’ (z, +1t,b)
0" OF (2’ +1,b)
ob*! ob
L'7'(z, +1,b)

0<k-1<p-1}=

<(p+1)14*(p+1)*" max 0<k—-1<p-1}

Now we need a next analogues Hayman’s theorem for entire functions
of bounded L -index in direction ([4], Theorem 8).

Theorem 3 (/4]) Let Le Q,. An entire function F(z), ze C", is of

bounded L -index in direction be C" if, and only if, there exists numbers
pe Z. and C >0 such that for each ze C"

1 |67 F(z)

0"'F(z)
ob"

L'(2)

:OSkSp} 2)

oF
Thus, for b inequality (2) holds with p 1 instead of p and with

p+2

C=(p+1)'4°"(p+1)*”. In Theorem 2 constant 4>max
7>p

&7y (1=
J
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is independent of z°, because p is independent of z°. Then

oF
C=(p+1)'4**(p+1)** is independent of z°. Thus by Theorem 3 b is of
bounded L -index in direction b.

oF
On the contrary, let b be of bounded L -index in direction be C”.

By Theorem 3 there exists pe Z, and C 21 such that for each ze C”" the
next inequality is true

L |0 F@)| o |1
(z)| ot |” L (2)

" F(2)
ob*

:lékﬁp} 3)

1
We consider a disk K;= te C:|t ¢S t,e C,

T L(Z"+t,b)
e C".
We remark that if L(z)e Q] and z’e C", t,e C then for all >0

the inequality |#—¢, |Sﬁ and definition of class Q; imply the ine-
zZ +1i,
quality
*(r)L(z° +t,b) < L(z° +1b) < (r)L(2° +1,b). 4
0 2 0
From (3) and (4) we have
1 |07 P + )| I Yoo 1
(p+D)!| ™ \CBMLE +1,b)) ~ (p+1)! k!

x 1 L(z" +1b) p+1fk.1 vele
CAMLE" +1,b) JLCAMLE +1b)) 77

k 0 k p+17k
<Lmax{ilw<z ) J@ :1<k<p}<

0" F(z° +1b)
ob*

IN

p+l K| obt (CAOLE +1,b)

1] P + )| I .
< max{ k!‘ b ‘kCﬂg(l)L(zo +t0b)j 1<k< p} (5)

To prove this theorem we need an following theorem ([5], p. 44, Theo-
rem 2.7).
Theorem 4 Let D,={t €C:|t—t,|[<R}, 0<R<+w, and f(t) be

analytic function in D,. If for all ze D,

(ﬁ)lf_wm [ﬁjmmm (6)
2)  (p+D)! T 2, H

X
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then f(¢) i1s p-valent in {t eC:lt—t,I< 1. e. f(¢) assumes each

R
25,/p+1}’

values at most p times.

2
The inequality (5) implies inequality (6) with R = (DL +1gb)’
By Theorem 4 the function F(z°+¢b) is p-valent in the disk
fte Cilt nls—E—) -
e C: S———}, p= .
" LE b)) P aseR()p
: o . P
Let ¢, be arbitrary point in K, and K, ={t €C:|t -t |<——}.
J ry p 0 J { | i | L(ZO +[jb)}
Since
L(z’ +1,b) < A(1)L(z" +1,b)
from definitions class Oy, we see that
P .
K. ={teC:t—t, |< cK..
it =1 A()L(Z° +t0b)} ’
We can repeat the above considerations to the set
t €C:|t—t,|<—— and as above we obtain that F(z"+) is p-
7T L(Z" +t,b)

valentin K . But K € K therefore F(z'+b) is p-valentin K.

Finally we remark that each closed discs of radius R. we can cover by
a finite number m, of closed disks of radius p. < R, and with center in this
disk, moreover, m, <B*(R*/p*)2, where B, >0 is an absolute constant.
Hence, K, can be covered be a finite number m of disks K,, where

m < 625(p+1)C*(A(1))*/4. Since F(z°+1b) in K, is p-valent, it is mp -
valent in K.

In view of arbitrarity of ¢, and z°, the theorem is proved.
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V3aeanvueno nonsmms @ynxyii oomescenozo L -po3nodiny 3nauenv na
bacamosumipnuil 6unadox. Ompumano 38 30K MidC KIacom Yinux (yHKyitl
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yiti obmedsncenoeo L -inoekcy 3a HanpsamMKoM.
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