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The metric properties of a space of entire functions of bounded L -
index in direction are investigated. It is shown that the space of entire func-
tions with L -index in direction less than p is of the first category in the to-

pology generated of lyer's metric.
Key words: entire function, bounded L -index in direction, bounded
value L -distribution in direction, directional derivative.

K. Ekblaw investigated properties of a space of entire functions of
bounded index for one variable in [1]. He proved that in topology generated

by metric d(f,g)=sup{la, b,|,la, D, "”: pe N} the entire functions of
bounded index, B, are of the first category. Later M. Bordulyak generalized

this result for entire functions of several complex variables in [2]. We intro-
duced the entire functions of bounded L -index in direction in [3].
Therefore results of Bordulyak and Ekblaw are generalized for entire

functions in C" of bounded L -index in direction.

Let L(z), ze C", be a positive continuous function.

Definition 1 (see/3]). An entire function of F(z), zeC", is called
function of bounded L -index in the direction of beC", if there exists
m, € Z, such that for me Z, and every z € C" next inequality is true:

1 |omF@)| N 0°F(2)| 0<k<m
mL'(z)| o™ |7 KIf(z)| ot [T
0"F(2) OF(z) <n0F(z), 0'F(z) 0 0" 'F(2)
h ~F - b, = (), k22,
where oo (@ 5 le oz, 7 bt b bt >

The least such integer m, is called the L -index in direction of F(z)
and is denoted by N,(F,L). If such m, does not exist then we put
N,(F,L)=« and F is said of unbounded L -index in direction. We also
denote by N, (F,L,z°) as L-index in direction b of function F in a point

z° that is the least integer m, for which inequality (1) is true at z = z°.
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For entire in C" functions F(z), G(z) we put

|1 80"F0) 1 9"G(0)|
plIb[* &b”  plbP” ob” |

l/p

d(F,G)=sup |F(0) G(0)], :pe N |

and a space of entire functions with such metric is denoted E;.
Let B, (L) be a set of entire functions in C" of bounded L -index in di-

rection and B, (L) be a set of functions with B,/(L) such that N, (F,L) <v.
It is clear that B, (L) = UB,’)”V (L).

n

Besides we denote a,c = za jb_j be a scalar product in C",
j=1
a,ce C".
Lemma 1. For any Fe E;, viye N and ¢>0 there exists 6 >0 such
k k
thatif Ge E, and d(F,G)<0 then d 6—{,6—(: <g for k=0,1,2,...,v,.
ob" b
Proof. Let Fe E;, vye N and &> 0 be given. Let

1/p

2+24p (p+k)!

T >sup max{l,|b]|
p!

:pe Nk=0,1,2,...,v, .

It is straightforward to verify that if G(z)e E; and d(F,G)< %T <1 then
&

k k k k 11 [26+2p
J a_zjja_? L k!|b|2"| 1 2k 0 FEO)_ 1 i 0 G£0)|’ (p+R)bF
ob*’ ob Kb ab* Kb b 7!

1/

| 1 OP F(0) 1 8" G(0)[) .

X 2k+2p ptk - 2k+2p p+k P GN <
[(p+k)!Ib]| ob (p+k)|b| ob k|

1

1 2620 P k K
<suplp b [ 2HRID) - peNbsu | 1 8"F£0)_ 12k8G£0)|
P! Kb ab* Kb bt |

2

1 p+k
1 0P F(0 1 0P G(0)| Ptk p
| (0) O 7N <

|(p+k)!|b|2k+2p abp+k (p+k)!|b|2k+2p abp+k |

lp

1
@O N 1 dF0) 1 dGO)f
n P PlopP ' kb o

<sup max{1{b[*"**"}

2
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1
| 1 0" F(0) 1 07 *G(0)|r+
2k+2p p+k 2k+2p Pk . pE N <
[(p+K)![b] ob (p+k)!|b] ob k|
|1 PO 1 a°G(0)" N <7 3
I T+e ©

for k=1,2,...,n
Theorem 1 Let Fe E;, ve N, N,(F,L)>v. There exists >0 such
thatif Ge E, and d(F,G)<6 then N,(G,L)>v.
Proof. As N,(F,L)>v then there exists z’e C" and v, >v such that
N,(F,L,z°)=v,>v. Forevery k <v, 1 nextinequality is true
I ) OO F ()|
KINE)| abt | yiro )| ab' |

This inequality is strict because v, is least integer for constrict inequal-

ity at point z°. Then there exists 5~ >0 such that
1 |etrE)| REIAED)
kL (z")| obt \+ ) w!L0(z%)| ab |
It is obviously that
la c|+|b d|Z2 (a c)+(b d).
Thena bz2c d |a c| |b d|. Weapply this inequality and we have

R |6kG(z°)F 1 Jeore 1 |eEe|
VILO)| ab | REE)| a [varee)| e | KL ot |
o ) ol 1 @ee)| |8 FE)| 5
vILo | b || e | kEE| et [t |

Using idea of proof Taylor’s formula we can prove that

1 0"F(0)
F(Z) z ||b|2p abp Zab r

and

1 0°G(0)
G(z)= Z b P

Hence clearly

|aG(z)| |aF(z)|| =( (6'F 8'G .
| a* || o \ b"’&bk +jZ:' Er o |<Z’b>|
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By Lemma 1 we can choose a number ¢ such that if d(F,G) <0 then
o'F 0'G o'F oG
ot eshoand d G
Therefore, for all £ < v,

[0 [o'FE)| ., & e 2

| z%b |<e<1 for all k<v,.

IR R
and from (2) and (3) forall £k <v, 1 we have
L [o6@) 1 |6, o s@-e)f 1 1
- >0 — +
VILOE")| b | K| bt | 1-g (v,1L0(") kI

whence, in view of arbitrary of ¢, it follows
L o6 1 |6
vILO(Z)| ab | KLE)| bt | 2
for all k<v, 1 thatis » 2N,(L,G)2N,(L,G,z")2v,>v. Theorem 1 is

proved.
Remark 1 The condition N, (F,L)>v in Theorem I is equivalent that

Fe Eg\B; (L). Therefore we can reformulate the Theorem 1.

Theorem Let Fe E;, ve N, Fe ES\By (L). There exists 6>0
such thatif Ge E and d(F,G) <0 then Ge Ej\By (L).

Corollary 1 The set By (L) is closed in E".

Lemma 2 [f P(z) is a polynomial of degree p then

F(z)=exp z,a +P(z) is of L-index in direction be C" less or equal
p+1l, where ac C", L(z)=max{l,| b,a |}, b,a #0. If b,a #0 then
F(z2) is index in direction be C" of 0.
Proof. Let k> p+1. Thus
1 |ak}:(2)|=|eXp<kZ’a>||<b,a> lkglexp(z,a>!< |exp(Z,cL>| (b a) [P*'=
KIGz)| oD | KINz) k! (p+ DI (2)
1 07 F(2)]
(p+DIL"(z)| 8""b |
and hence F(z) is of L-index in direction be C”" less or equal p+1. If
b,a #0 then for all £>1 we have
1 |8kF(z)|_|exp z,a |
KI'z)| 8 | KI2)

relexpza | _

0.
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Therefore F(z) is index in direction be C" of 0.
We denote
Wty =int] 2D e N
L(z+1tb) L(z+1tb)
L(z+1
5 (2,1y,m) = sup (—)Ilt— S,
L(z+tb) L(z+tb)
}L’ll)(za ’7) = inf{j}l)(zatm ’7) : tO € C}’/llz)(za 7/) = inf{llz)(zatm 77) : tO € C}a

2 =inf{L(z,n):ze C"}, X(n)=inf{L(z,n):ze C"}.
A class of functions L, which satisfy the condition
0< ()< A(n) <+ forall <0, we denote by Q] . We need the follow-

ing lemma.
Lemma 3 If Le O, and an entire transcendental function F(z) is of

bounded L -index in direction be C", then for all z° C"
InM(r,F,z")= 0[ jO"L(z° + tb)dt), ¥ —> +o0,

where M (r, F,z")=max{| F(z" +tb)|:|t|=r}.
Proof. The proof follows from the same lemma for the case of func-
tions of one variable (see Theorem 3.3 on page 71 in [4]) and the fact that

F(z° +1b) is a function of one variable e C if z° is fixed.

Theorem 2 If Le Q) then for every ve Z, the set By (L) is nowhere
dense in B, (L) and thus By (L) is of the first category. The sets Ej\B; (L)
and E; \ B, (L) is dense in E,

Proof. Let F(z)= ZFp(z,bV’ be an entire function such that for all

p=0
z’eC”
InM(r,F,z%
L:L(z‘) +1b)dt
where M (r,F,z°)=max{| F(z° +tb)|:|t|=7}. Then by Lemma 3 F is of

— +00, 1 —> 400,

unbounded L -index in direction b € C". Let f(z)= 2 S, z,b 7 be an entire
p=0

function of bounded L-index N, (F,L) in direction b. We denote
e ) J m
/; (Z)ZZ,FO zb?” +Z;:J,HF;) zb? and f;, (2)= szo z,b? +Zp=j+le z,b?,

where m > j.
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Then fj* is of unbounded L -index in direction b for any ; i. e.
Ny (L, f;)>N, j>0. Itis easy see that d(f.f;)~ 0, d(f;,f;,)~ 0 and

*

d(f,f;,)~ 0 as j— «. By Theorem 1 N,(l,f;,)>N for sufficiently
large m. On other hand N(/; f;,)<m. Thus, f; € By/(L)\B} (L) that is
By (L) is nowhere dense in By (L).

If f is any function from B"b(L), we choose fj as above. Then
f;€ EJ\By(L) and d(f,f;)—>0 as j—oo. Thus, the sets Ey \B, (L) is
dense in E.

Finally, let fe Ej\(By(L)\B, (L)) i. e. either f is unbounded L -
index in direction b or N, (f,L) < N. We will show that in both cases f is
limiting for some functions fj with N <N, (/; f;) <+oo. In the first case we

choose
IGENYAER

Then d(f,f;)~ 0 as j— +» and by Theorem 1 N,(L,f;)<N for
large j. In the second case for je B (L) we choose, as above,

fimw€ By(L)\B, (L). Theorem 2 is proved.
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METPHUYHI BJIACTUBOCTI IPOCTOPY HIJINX ®YHKIIIA
OBMEXEHOI'O L-IHIEKCY 3A HAIIPAMOM

A. |. bBanpgypa
Isano-Dpankiecokuil HAYIOHATLHUN MEXHIYHULL YHIgepcumem Hagmu i 2azy;
76019, m. Isano-Ppanxkiscok, eyn. Kapnamcoka, 15,
men. +380 (342) 72-71-31; e-mail: andriykopanytsia@gmail.com

Hocniooceno mempuuni eracmusocmi npocmopy yinux y C" pynxyii
oomedicenoco L -indekcy 3a nanpamom. Jlosedeno, wo npocmip yinux yHk-
yil, L-inoexc 3a Hanpamom AKux e nepesuwyye p, € npocmopom nepuioi
Kame2opii y mononozii, nopooicenii mempuxoro lepa.

Knrouoei cnosa: yina ¢yuxyis, oomedncenuii L -indexc 3a Hanpsamom,
mempuxa lepa, npocmip nepuioi kamezopii, nOXiOHA 34 HANPSIMOM.
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