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The metric properties of a space of entire functions of bounded L -
index in direction are investigated. It is shown that the space of entire func-
tions with L -index in direction less than p  is of the first category in the to-
pology generated of Iyer's metric.  
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K. Ekblaw investigated properties of a space of entire functions of 

bounded index for one variable in [1]. He proved that in topology generated 
by metric }∈:|||,{|sup=),( 1/

00 Npbabagfd p
pp  the entire functions of 

bounded index, ,B  are of the first category. Later M. Bordulyak generalized 
this result for entire functions of several complex variables in [2]. We intro-
duced the entire functions of bounded L -index in direction in [3]. 

Therefore results of Bordulyak and Ekblaw are generalized for entire 
functions in nC  of bounded L -index in direction. 

Let ),(zL  ,∈ nz C  be a positive continuous function. 
Definition 1 (see[3]). An entire function of )(zF , nz C∈ , is called 

function of bounded L -index in the direction of nC∈b , if there exists 
+∈Z0m  such that for +∈ Zm  and every nz C∈  next inequality is true:  
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The least such integer 0m  is called the L -index in direction of )(zF  
and is denoted by ).,( LFNb  If such 0m  does not exist then we put 

∞=),( LFNb  and F  is said of unbounded L -index in direction. We also 
denote by ),,( 0zLFNb  as L -index in direction b  of function F  in a point 

0z  that is the least integer 0m  for which inequality (1) is true at .= 0zz  
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For entire in nC  functions ),(zF  )(zG  we put  
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and a space of entire functions with such metric is denoted .nEb  
Let )(LBn

b  be a set of entire functions in nC  of bounded L -index in di-
rection and )(, LBn

νb  be a set of functions with )(LBn
b  such that .≤),( νLFNb  

It is clear that ).(=)( , LBLB n
ν
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n
bb U  

Besides we denote jj

n

j
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=,  be a scalar product in ,nC  

.∈, nca C   
Lemma 1. For any ,∈ nEF b  N∈0ν  and 0>ε  there exists 0>δ  such 
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⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂ <, k

k

k

k GFd
bb

 for 0...,,2,10,= vk . 

Proof. Let ,∈ nEF b  N∈0ν  and 0>ε  be given. Let  
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for nk ,...,1,2= . 
Theorem 1 Let ,∈ nEF b  ,∈ Nν  .>),( νLFNb  There exists 0>δ  such 

that if nEG b∈  and δGFd <),(  then .>),( νLGNb   
Proof. As νLFN >),(b  then there exists nz C∈0  and νν >0  such that 

.>=),,( 0
0 ννzLFNb  For every 1≤ 0νk  next inequality is true  
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This inequality is strict because 0ν  is least integer for constrict inequal-
ity at point .0z  Then there exists 0>*δ  such that  
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It is obviously that  
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Then .||||≥ dbcadcba  We apply this inequality and we have  
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Using idea of proof Taylor’s formula we can prove that  
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By Lemma 1 we can choose a number δ  such that if δGFd <),(  then 
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Therefore, for all 0≤ νk   
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and from (2) and (3) for all 1≤ 0νk  we have  
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for all 1≤ 0νk  that is .>≥),,(≥),(≥∞ 0
0 ννzGLNGLN bb  Theorem 1 is 

proved.  
Remark 1 The condition νLFN >),(b  in Theorem 1 is equivalent that 

).(\∈ , LBEF n
ν

n
bb  Therefore we can reformulate the Theorem 1. 

Theorem Let ,∈ nEF b  ,∈ Nν  ).(\∈ , LBEF n
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Corollary 1 The set )(, LBn
νb  is closed in .nE   

Lemma 2 If )(zP  is a polynomial of degree p  then 
)(+,exp=)( zPazzF  is of L -index in direction nC∈b  less or equal 
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)(zF  is index in direction nC∈b  of 0.   

Proof. Let 1.+> pk  Thus  

=|,|
)(1)!(

|,exp|<
!

|,exp||,|
)(!

|,exp|=)(
)(!

1 1
1

+
+ 〉〈

+
〉〈〉〈

≤〉〈
〉〈

∂
∂ p

p
k

kk

k

k a
zLp

az
k

aza
zLk
azzF

zLk
bb

b

 
b1+

1+

1+ ∂
)(∂

)(1)!+(
1

= p

p

p

zF
zLp

 

and hence )(zF  is of L -index in direction nC∈b  less or equal 1.+p  If 
0≠,ab  then for all 1>k  we have  
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Therefore )(zF  is index in direction nC∈b  of 0.   
We denote  
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A class of functions L , which satisfy the condition 

∞+<)(≤)(<0 21 ηληλ bb  for all 0,≤η  we denote by nQb . We need the follow-
ing lemma. 

Lemma 3 If nQL b∈  and an entire transcendental function )(zF  is of 
bounded L -index in direction ,∈ nb C  then for all nz C∈0   
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Proof. The proof follows from the same lemma for the case of func-

tions of one variable (see Theorem 3.3 on page 71 in [4]) and the fact that 
)+( 0 btzF  is a function of one variable C∈t  if 0z  is fixed.  

Theorem 2 If nQL b∈  then for every +∈ Zν  the set )(, LBn
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Then *
jf  is of unbounded L -index in direction b  for any j  i. e. 
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Досліджено метричні властивості простору цілих у nC  функцій 

обмеженого L -індексу за напрямом. Доведено, що простір цілих функ-
цій, L -індекс за напрямом яких не перевищує ,p  є простором першої 
категорії у топології, породженій метрикою Ієра.  

Ключові слова: ціла функція, обмежений L -індекс за напрямом, 
метрика Ієра, простір першої категорії, похідна за напрямом.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


