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We introduce and study a relation of refinement between compact ultra-
metrics. Efficient methods to determine ultrametrics by functions on binary
trees and by symmetric bilinear forms that attain a diagonal form in a basis
of Haar-like wavelets, are also proposed.
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Introduction
Ultrametrics are extremely useful in problems of classification [2] as well as
in theoretical computer science [5]]. Sets of ultrametrics are important objects
of study on their own [4].

Ultrametric spaces can be large, even uncountable, therefore approxi-
mate methods may be of interest here. This motivates to develop computati-
onally efficient ways of representation of ultrametrics.

We generalize a method for sparsification of ultrametric matrices proposed
by Gorman and Lladser [1]].
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1. Trees representing compact ultrametrics
For a compact ultrametric d on a set X, let V; be the set of all closed balls
B,(x) ={y€e X |d(x,y) <r}, for x € X, r > 0. Observe that B,(x) = B, (x) is
possible for r # 7/, hence for a ball we consider the least possible radius, whi-
ch coincides with the diameter (the least upper bound of pairwise distances)
then. A closed ball B,(x) can be a singleton for r > 0 if the point x is isolated,
then it is considered as a closed ball or radius 0.

Clearly, for all b,b’ € V; exactly one of the following: b =", b D b/,
b' Db, bNb' =@ is valid. If b D b, then a unique finite sequence by, b1, ..., by
in V exists such that

b=by2Db;D...Db_1 Db=Pb,

and b;_| 2 b" D b; is impossible for b” € V.

Consider the oriented graph T; with the vertices V,; and the edges (b,b'),
where b,b" € Vy, b D b, and there is no b” € V; such that b D 0" D b'. 1t is
an out-rooted tree such that each vertex has a finite number of children, and
there is no vertex with one child. Here is an example for a finite ultrametric
space, each vertex (a ball) is labeled with its “true” radius, which is strictly
less for a descendant than for an ancestor, e.g., r > r; > rjp > rya1 :

Kuratowski-Zorn Lemma implies that every simple path beginning in
the root (which is the entire X) is contained in a maximal (non-expandable)
path, which can be finite or infinite. It consists of all b € V; that contain
a certain point x, which is unique for the path.

Hence points x of X correspond one-to-one to maximal (non-expandable)
paths in 7;. We consider x as a leaf (outer to 7;) that ends the respective path,
which therefore goes from the root to x (this “extended” path is not a path
in the sense of graph theory if it is infinite). The sets U, of all points of X
paths to which go through b, for all b € V,;, form a base of the topology on
X, hence it can be uniquely recovered from 7.

On the other hand, each out-rooted tree 7, with finite numbers of chi-
ldren not equal to 1 for all vertices, represents a compact ultrametric in this
manner.

ISSN 2304-7399. Tpukapnarcbkuii Bicauk HTILL. Yucno. — 2026. — Ne 22(83). — ¢.67{73



69

Example 1. Let X be the set of all maximal paths in T, and, for paths x,y in X,
let dr(x,y) be 0 if x=y, ordr(x,y) = % if x # y have exactly k common verti-
ces. The ultrametric dr is a required one. It is not unique, but, by the above,
all other compact ultrametrics that determine the same tree T are topologi-
cally equivalent.

2. Refinements
Definition 2.1. We say that a point z is between points x and y w.r.t. an ultra-
metric d if d(z,x) < d(x,y) (or, equivalently, d(z,y) < d(x,y)).

It means that z is not farther from any of the points x and y than they are
from each other.

In terms of the tree 7y, it can be said equivalently that the leaf z is a
descendant of each common ancestor of the leaves x and y in V; (in particular,
of their lowest common ancestor, if x # y).

Definition 2.2. A bijection f between compact ultrametric spaces (X,d) and
(X',d") is called a refinement if, for all x,y,z € X, the inequality d(x,z) <

d(x,y) implies d'(f(x), f(2)) < d'(f(x), f(¥)).

In other words, if z is between x and y w.r.t. d, then f(z) is between f(x)
and f(y) w.r.t. d'. Tt is easy to see that a refinement is a homeomorphism.

If X =X’ and f is the identity mapping on X, we obtain an important
particular case.

Definition 2.3. For compact ultrametrics d,d' on a set X we say that d refines
d' and write d = d' if, for all x,y,z € X such that z is between x,y w.rt. d the
point 7 is between x,y w.r.t. d' as well.

Clearly d and d’ are topologically equivalent then.

Proposition 2.1. 4 bijection f between compact ultrametric spaces (X,d)
and (X',d") is a refinement if and only if the preimage under f of each closed
ball in (X',d") is a closed ball in (X,d).

In particular, for compact ultrametrics d,d' on a set X, the ultrametric
d refines the ultrametric d' if and only if each closed ball w.r.t. d' is a closed
ball w.rt. d'.

We omit a straightforward proof.

If we interpret closed balls w.r.t. a compact ultrametric as classes in
a hierarchical classification, then d = d’, d # d’ means that d provides more
detailed classification than d’ (there are additional classes intermediate w.r.t.
inclusion).
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Theorem 2.1. Let (X,d) and (X',d") be compact ultrametric spaces. There
is a one-to-one correspondence between refinements f: (X,d) — (X',d") and
injective mappings F : Vy — V; between the sets of closed balls in the spaces
(X',d") and (X,d) respectively such that:

(1) F(X') = X;

(2) if by C b, by,by € Vg, then F (b)) C F(b)) (monotonicity);

(3) for all b € V,; there is b’ € Vy such that F(b') C b (cofinality).

Proof. For a given f, the required F simply takes each closed ball in X’ to
its preimage under f. If F : V; — V; satisfies (1)—(3), then, for all x € X,
the value f(x) € X is the unique common point x’ of all closed balls b’ € V
such that F(b') 5 x. O

If the closed balls in (X,d) and (X’,d’) are considered as vertices of
the trees T and 7', as has been described above, then the mentioned F is
an injective mapping that takes the vertices of the second tree to vertices of
the first one, and:

(1) preserves the root;

(2) preserves being a descendant;

(3) has a cofinal image (each vertex of T is an image under F of a vertex
of T’, or has a descendant being an image a vertex of 7).

We call any mapping F from the set of vertices of a tree 7' to the set of
vertices of a tree T that satisfies (1)—(3) a refinement from the tree T to the
tree T’ (note the order!), and say that T refines T', or T’ is refined by T.

3. Representation by binary trees
By the last theorem, refinements between compact ultrametric spaces corres-
pond to refinements between out-rooted trees with finite number of children
not equal to 1, for all vertices. It is easy to show that every such tree T is
refined by an out-rooted binary tree (ORB) Tp, in which the vertices have
either two, or zero children: each vertex with > 2 children is replaced by
a binary caterpillar, see [1, Definition 3.7] for details. This replacement is not
unique, therefore many ORBs Tj can refine the same tree 7.

If a refinement F' from an ORB Ty to T (i.e., a mapping from the set
of the vertices of T to the set of the vertices of Tj that satisfies the above
conditions) is fixed, and T is the tree 7; for a compact ultrametric d on X,
then we make 7y weighted. For any vertex v of T take the closest non-strict
ancestor of the form F(b), b € V;, and put ¢(v) = diamb. Observe that, for any
vertex v of Tp, the greatest lower bound of all values ¢(v') for the descendants
v of v is equal to 0.
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For an edge (v, v2) of Tp clearly c¢(v2) < ¢(vy), and if v, has no preimage
under F, then ¢(v;) = ¢(v;). Let this edge have the weight w(vi,v;) =c(v;) —
c(vy), then, in particular, w(vy,v2) = 0 if v, has no preimage under F.

Thus in the weighted tree T the distance between the root and a vertex
v is equal to diamX — ¢(v), in particular, the path from the root of T to F(b)
has the total length diamX — diamb. Hence all maximal (non-expandable)
paths in 7 that start at F(b) have the same total length diamb.

Fix an encoding of the vertices of Ty by finite sequences of Os and 1s so
that the empty sequence € = () corresponds to the root, and two children of
a vertex v that corresponds to (x1,x3,...,x,) (if there are any) are encoded by
(x1,%2,...,%,,0) and (x1,x2,...,X,,1). From now on we identity v with the
sequence (xi,x7,...,%,) (writing ¢(x,x2,...,x,) for ¢(v)) and denote v|0 =
(x1,%2,...,%,,0) and v|1 = (x1,x2,...,%,,1).

If v = (x1,x2,...,%,,0) has no children, then it is the end of a maximal
path from the root, and we denote this path by (x1,x2,...,x,,0,0,...). Any
infinite maximal path from the root in 7j is determined by a unique sequence
(X1,X2, .+, Xn,Xn+1,--.) such that the vertices if this path are €, (x1), (x1,x2),

e (xl,xz,..._,xn), e

The set X of all sequences that encode maximal paths in 7j is a non-
empty compact subspace of D®, where D is {0, 1} with the discrete topology.
We obtain a bijection F : X — X, namely for each x € X all balls b € V;
that contain x, are taken, then the sequence of F(b) is uniquely extended to
a maximal path in Ty, which is encoded by F(x). Clearly F' is homeomorphi-
sm.

For all n € N={0,1,2,...}, let pr, be the projection D® — D" to the
first n coordinates. Denote X, = pr, (X X) C D", and X¢ = Xo LUX; LUX,p LI
Observe that Xo = D° = {&}.

For any x = (x1,x2,...,%,) € D" denote x = {x € X | pr,,(¥) = x}. Clearly
X # @ for x € D" if and only if x € X,,. For all x € X, the set ;R) in non-empty,

but the set X" = {x € X | ;]\1 # @} consists exactly of all bifurcation vertices
of the tree Tp. The set

X'={veXy|v=x/0 or v=x|l,x€X” but v¢ X"}

contains all leaves (terminal nodes) of Ty, and the sequences in Ty, \ (7'UT")
are “continuations” of terminal nodes.

Observe that ¢(v) = 0 for all v € X’ and extend the function ¢ to X, by
putting c(v) =0 for all v ¢ X”. Then:

(1) ¢(v|0) < c(v), c(v]1) < ¢(v) if the respective elements exist in Xg;
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) lgn c(x1,x2,...,x,) =0 for all (x1,x,...,x,...) € D?;
n—oo
(3) c(x1,x2,...,x,) =0 if and only if (x1,x2,...,%,) € Xe \ X”.

It is easy to recover the unique ultrametric d on X such that F : X — X
is an isometry. For all distinct x,x' € X let v be the common initial part
(the longest common prefix) of the sequences x and x/, then d(x,x’) = c(v).

Moreover, any function ¢ on Xy (in fact, on 7p) that satisfies (1)—(3)
determines this way an ultrametric d on X. If Ty refines the tree 7, for an
ultrametric d, then d refines d in the obvious sense.

For example, let X, be built upon an ORB Tj, and put

%, (x1,X%2,-..,%,) €X"

c(x1,x0,...,x,) € Xp.
07 (X],XQ,...,X,J%X”, ( 1, 2, ’ n) @

c(X1,x2, ..., xp) = {
Then the induced topology on X C D® is metrizable by the ultrametric

1
dT() ((x17x27-x37 . ')7 ()’17)72,}’3, e )) - %7

where k = max{i € {1,2,3,...} | (x1,%2,...,%) = (V1,¥2,-- -, Vi) }»

here we assume max@ = 0. It is a particular case of the ultrametric dr
constructed in Example

4. Sparsification via a Haar-like basis
We have described a way to encode each ultrametric on X that is refined by
dr, for a fixed bijection X — X, by a function ¢ : Ty — R that satisfies (1)—(3).
This representation is quite redundant, especially when we take into account
that many values of ¢ may coincide.

We propose a method to reduce this redundancy which develops a method
proposed by Gorman and Lladser [1]]. Recall that X is a compact Hausdorff
space.

Theorem 4.1. There is a unique regular measure W on X that satisfies
the conditions:

o u(X)=1 (ie., U is a probability measure);
o if x=(x1,...,x,) € X", then u(x|0) = w(x|1) (each bifurcation vertex
divides a measure into halves).

For all x € Xy the inequality 1 (x) > 0 is valid.
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We define an inner product on the space L (X, ) of square integrable
w.r.t. i real-valued functions on X by the formula

1-8= [ F®)sE) du(s)

Clearly this space contains the vector space C(X,R) of all continuous functi-
ons on X.
For any ultrametric d on X refined by d, the formula

Silh8) = [ d()S(080)du x u)

XxX

determines a symmetric bilinear form on L, (X, ). It can be used to compute
distances d between all distinct points %,¥ € X. The approach is somewhat
similar to matrix methods used in [[6]] for finite spaces.

Consider the functions u, : X — R for all x € X’ UX" (i.e., for all vertices
of TQ)I

€ X,
¢ X.

=
=l
S—

Il
—N—
O =
=1 =l

Obviously u,-u, = 0 of and only if neither of x and y is a non-strict descendant
of the other one. For ¥ # y in X clearly there are x,y € X’ UX” such that
ux(%) #0, uy(y) # 0, uy-uy, = 0. Then

Sd(”m”y)

(24 - ) (tty - 1y)

d()@y) =

Unfortunately the system of the functions u, is not linearly independent,
hence is not a basis of L,(X, ut). We propose another system for this purpose.

Theorem 4.2. The functions wy : X — R defined for all x € X" as follows:

! , X€x|0,
1(x)
Wx()z) = _—, ic ;ﬁ,
u(x)
0 otherwise,

together with the function ug = 1 form an orthonormal system with respect to
the above scalar product, which is a basis in Ly(X, ).
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Proof is straightforward. These functions are analogues of Haar-like
wavelets [3]], and the following observation generalizes Theorem 2.3 [[1]].

Theorem 4.3. For all x#y in X" the equalities Sy(ug, wy) =0 and Sg(wy, wy) =
0 are valid.

This means that a countable system of numbers S, (ue, ue) and Sy(wy, wy)
for all x € X” completely describes the ultrametric. Recall that the values c(v)
in the previous section were set for all v € X’ UX”, i.e., this representation is
formally more efficient.

S. Conclusions and future research
The above efficiency improvement for encoding of ultrametrics comes at the
cost of difficulty of the inverse transformation. In particular, it is unknown
what values of S;(ug, ue) and S, (wy, w,) for all x € X” are possible for a given
Ty, to determine a valid symmetric bilinear form S; and hence a compact
ultrametric d. This will be a topic of a future publication.

We also plan to study distances between ultrametrics based on their
representations by trees.
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Beeoeno i docnioxceno gionowen s ymouHeH s Mide KOMNAKIMHUMU Vb~
mpamempuxamu. 3anponoHO8aAHO eKOHOMHI Memoou 3a0aHHS YIbMPAMEMpUK
@yukyiamu Ha OiHapHux Oepesax ma cUMempudyHuMU OLIIHIUHUMU hopmamu,
KT HAOY8AIOMb HEeCKIHUEHHOI 0ia2oHAIbHOL (hopmu Y 6a3i, cKaadeHill getige-
mamu muny [ aapa.

Knrouoei cnosa: Yivmpamempuka, 6inaprne oepeso, baza I aapa.

ISSN 2304-7399. Tpukapnarchbkuii Bicauxk HTIIL. Yucno. — 2026. — Ne 22(83). — ¢.67{73


https://orcid.org/0000-0003-4758-9003
https://orcid.org/0009-0006-3606-8498

	Trees representing compact ultrametrics
	Refinements
	Representation by binary trees
	Sparsification via a Haar-like basis
	Conclusions and future research

