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We extend the model of non-linear pricing by Maskin and Riley, which
is classical in contract theory. Buyers’ utilities are constrained from below,
and it is shown that the statement that only local downward constraints are
essential, and all of them are binding, fails in this case. We prove that in
our model it is necessary and sufficient to consider also the comparisons of
each type with the next type, and strict inequalities in the comparisons of
a type with all neighbors are possible only if this type receives the minimal
acceptable utility. We propose methods for solving this problem for two
types of buyers and conditions for the offers for the both or for one of the
types to be effective (to provide maximum of social surplus).
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1. Introduction

In this paper we extend the classical model of non-linear pricing by [7],
for discrete sets of buyers. Although a long period of time passed since
the mentioned work came out, its results are still widely used in analysis
of contracts with hidden information. E.g., [2]], rely on them in studies of
robust monopolistic pricing under ambiguity. In [4]], this paper was called “a
classical reference on price discrimination”. Nowadays its ideas are adapted,
e.g., to develop optimal offers for users of communication networks ([8]]).
Undoubtedly, this is due to successful mathematical model and natural not
very restrictive assumptions, which are satisfied in most of the related eco-
nomic circumstances. It is assumed, in particular, that the types of buyers
can be ranked and parameterized with real numbers so that greater value
corresponds to greater demand in considered product. It is known ([6]) that
passing even to two-dimensional parameters significantly complicates the
analysis and narrows the obtained results. We however are going in this and
subsequent papers to study consequences of dropping two assumptions of the
model, namely about willingness of a buyer to buy even if his utility is zero,
and about obligation of a seller to propose an acceptable offer for each type
of buyer.

2. General Principles of the Model
Following the style and, wherever possible, notation of [7], we assume that
a monopolist produces a single product at a constant marginal cost c. A buyer
of type i has preferences determined by the utility function

q
U:/ p(x,v))dx—T,
0

where ¢ is the quantity of units purchased, T is total spending on these units,
v; 1s a parameter that describes buyer’s type. The seller does not observe
v; but knows a priori distribution F(v) of buyers’ preferences. For each v
considered we assume that the demand price p(g,v) strictly decreases in ¢,
and there is (necessarily unique) g5 > 0 such that p(g$,v) = c¢. The seller’s
profit (his utility) equals then

q q
R=T—cq= [ plru)dx—cq=U = [ (p(x.v) = c)dx—U =N(g.v)~U,
0 0

where N(g,v) is the social surplus generated by the sale. It is easy to see
then that the social surplus increases for 0 < g < gf, attains its maximum
for ¢ = ¢, and is decreasing for g > ¢5. It is also assumed that p(q,v)
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strictly increases in v, which implies that g is strictly increasing in v as
well. Indifference curves for different buyers’ types and different utility
levels will then be as depicted in Fig. [Il

R
N(Q?‘}Z)
N(q,VI)
U,=0
o
0 \ \
_al Ul —
-0 U= V=

Figure 1: Indifference curves

A selling procedure is a schedule of pairs (c}s,f}) scs, which the seller
offers to the buyers. If a buyer chooses s, then he receives ¢, units of
the product and pays a tariff 7;. Since tariff and seller’s utility are linked
via the equality 7 = R+ cq, it is more convenient for our needs to specify
a selling procedure by a schedule (g, Ry)ses of the equivalent pairs of product
quantity and seller’s profit.

From the buyer’s viewpoint, if the latter’s type is determined by the para-
meter v, a pair (¢*,R") precedes (i.e., yields to) a pair (¢**,R™) if U* =
N(q*,v) —R* <U** = N(q**,v) — R*. If the strict inequality holds, then one
pair strictly precedes another.

The mentioned model has undergone many modifications to reflect dif-
ferent aspects of buyers’ and seller’s behavior and interaction. E.g., [3]],
investigated the influence of buyer’s self-control on his willingness to buy.

Our extension to the model by Maskin & Riley is the following: a buyer
of type i is not always ready to accept an offer even if his utility is close to
zero, but rejects it if his utility is less that some minimal level b; = b(v;) > 0.
It means that a buyer of type i never accepts an offer (¢*,R*) if the respective
point is below the indifference curve N(g,v;) —R = b;.

A seller can respectively prepare for some buyer’s type i one optimal
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(w.rt. his preference) pair (§;,R;) and prepare no such pair for another type
(e.g., if the rate of this type is too small). Obviously there is no sense to
offer more than one variant for each buyer’s type. We investigate properties
of the optimal procedure, deferring consideration of probable ignoring some
buyers’ types to a subsequent publication.

3. Analysis of the Model
We consider first a case of a finite number of buyer’s types, which are speci-
fied by parameters vi < vy <--- <v,_1 <V, and their rates are resp. m; > 0,
T +m+--+m,_1+ 7, =1, and each of them is assigned an optimal (com-
paring to the others) acceptable offer (§;,R;). Then the following conditions
must be valid:
N(gi,vi) —}él’ >b;, 1<i<n, (IR;)
and
N(@avi)_RiZN(QJ"Vi)_RJ" lgiajgnai%j- (ICI'J)

The first condition ensures that a buyer’s utility is not less than some
lower bound. The second condition is called the self-selection constraint in
contract theory. It means that there is no reason for a buyer of type i to
choose an offer prepared for a buyer of another type j.

The seller then maximizes the expected utility ER =Y , mR;. Since
the set of acceptable sets (qﬁ-,]?,-) 1<i<n 1s bounded and specified by the condi-
tions (IR;) and (IC; ;), hence is closed, there exists an optimal (for the seller)
selling procedure. In the sequel, if otherwise is not said explicitly, we assume
that (qu',iél'>1§l‘§n is optimal.

The analysis carried out in [7], without restrictions on buyers’ utilities
showed that it is always disadvantageous for a buyer to choose an offer for
a higher type, and it can be profitable only to choose an offer for the closest
lower type, hence, to find an optimal selling procedure, it is sufficient to
consider only the constraints (/C;;—1), which are called local downward
constraints in the paper.

Moreover, the mentioned local downward constraints are binding, which
simplifies the optimization problem for an optimal selling procedure. Unfor-
tunately, if lower constraints on buyers’ utilities are introduced, things get
more complicated.

Proposition 3.1. If for a selling procedure (éi,léi)lgign foralli=1,2,....n
the conditions

A

N(§i,vi)—Ri >b;, 1<i<n, (IR;)
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N(QAiaVi)_ ( 1,Vz) Ri—yori=1, (DW,)

N(qA,',v,') (é +1,v,) z+1 ori=n, (val)

A

are satisfied, then each pair (§;,R;) is acceptable and optimal for the re-
spective buyers type.

This means that, additionally to local downward constraints, it is neces-
sary to verify also local upward constraints, i.e., to compare each proposition
with the closest neighbors on the both sides. Note that the question of
sufficiency of local constraints in rather general settings was studied by [3]].

Proof. Observe that, for i < j < k the inequalities

N(§i,vi) —R; > N(§;,vi) — R;

and

N(gj,vj)—R; > N(Gk,v;) — R
imply

N(Gi,vi) — Ri > N(G,vi) — Ry
Indeed,

r r G
= / p(x,vj)dx— p(x,vi)dx = / (p(x,vj) — p(x,vi))dx > 0.
a;

N(Ge,vi) = Re < N(Gk,v;) —N(Gj,v;) +N(Gj,vi) — R <
< (Rk—R;) +N(§j,vi) — R = N(§j,vi) = R; < N(Gi,vi) — R:.

This means that if it is unprofitable for the i-th type to choose the offer
for the j-th one, and it is unprofitable for the j-th type to choose the offer for
the k-th one, then its is disadvantageous for the i-th type to choose the offer
prepared for the k-th type for i < j < k. Therefore it is unprofitable for any
type to choose an offer for a higher one (analogously for a lower one). We
obtain the optimality of each offer, and the acceptability is guaranteed by
the conditions (IR;). O
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Proposition 3.2. If a selling procedure (§;,R;)1<i<n is optimal for the seller,
in particular, if all pairs (§;,R;) are acceptable and optimal for the respective
buyers’ types, then:

(a) for all i =1,2,...,n conditions (IR;), (DW;), (UW;) are valid.

(b) the stronger properties

A

N(in,vi) —R; >N(c},~_1,v,~) —Ié,’_l ori=1

and
N(Gi,vi) —Ri > N(§it1,vi) —Riy1 ori=n

can hold simultaneously only if
bi = N(C},’, V,’) — R,’.
(c) the sequence §; is non-decreasing.

Proof. (a) It is clear that the inequality N(g;,v;) —R; < N(gi_1,vi) — Ri_1
is impossible because otherwise a buyer of type i could increase his utility
by choosing the (i — 1)-th type’s offer. Analogously we exclude N(§;,v;) —
R; < N(§it1,vi) —Riy1. The inequality b; > N(g;,v;) — R; contradicts our
assumption on b;. Thus (IR;), (DW;), (UW;) are valid.
(b) If the two strict inequalities from the thesis were valid together with
b; < N(§;,v;) — R;, or one of them was valid and the other was senseless
because the type i is the first or the last one, then the seller could increase
his profit R; by a sufficiently small § > 0 so that all the respective conditions
remain valid, and therefore increase his expected utility, which contradicts
the optimality.
(¢) If Git1 < §i, then (DW;y) and (UW;) cannot hold simultaneously.
O

This statement means that the point (§;_1,R;_1) or the point (§;41,Ri41)
cannot be below the indifference curve for the type i drawn through (§;,R;),
and can be higher than the curve only if the latter curve corresponds to
the minimal acceptable utility b;.

Remark 3.1. Unfortunately, under lower constraints on buyers’ utilities,
unlike the model in [7], the value §; is not always less or equal to the optimal
point g, for social surplus N(q,vi), e.g., the placement as in Fig. [ is
possible.
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Figure 2: g; is greater the optimal point g,

4. Case of Two Types
It is worthwhile to consider optimal selling procedures for two buyer’s types
vi < vp. Obviously N(qy,,v1) < N(gy,,v2), i.e., the maximum of social
surplus for the higher type is greater, but the maxima of the seller’s profit
for the two types of buyers are equal N(qy, ,v1) —b1 and N(gy,,v2) — b2,
hence cannot be compared a priori. Three cases of placement of the points
depicting these maxima w.r.t. the respective indifference curves are possible.

(I) Each of the points (g}, ,N(qy,,v1) —b1) and (gy,,N(qy,,v2) — b2) is
not below the indifference type for the other type, i.e., N(qy,,vi) — b1 >
N(qsl ,Vz) — b2 and N(qu,vz) — b2 Z N(qu,W) — bl (Fig. BI)

R

U=«

-0 4 49, \

Figure 3: Optimal points are not below the indifference type
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Then these points are optimal offer for the both types, and, moreover,
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the offers are effective, i.e., they provide the maximum of social surplus for
each buyer’s type.

(Il) The point (gy,,N(qy,,v1) —b1) of the maximum for the highest
indifference curve for the lower type is below the highest indifference curve
for the higher type, i.e., N(qy,,v1) —b1 < N(qy,,v2) — by, which excludes
the analogous inequality for the other point, and N(gy,,v2) —b2 > N(qy,,v1) —
by is valid (Fig. d). Draw an indifference curve for a buyer of the higher
type through the point (gy ,N(qy,,v1) —b1). It corresponds to the utility

by = by + (N(gy,,v2) —b2) — (N(gy,,v1) —b1) = b1 +N(gf,v2) = N(gy,,v1)-

Then the optimal selling procedure consists of the offer (gy,,N(qy,,v2) —b3)
for some b3 € [b2,by), which is prepared for a higher type buyer, and the of-
fer (¢7,R]), for a lower type buyer, that is depicted by the intersection of
the indifference curves of the level b; for the lower type and of the level
b; for the higher type. This intersection is determined by the equality
N(qi,v1) —b1 =N(qj,v2) — b3, where the both sides (i.e., the ordinate) must
be non-negative. The expected seller’s utility is equal to

T (N(q1,v2) — b3) + m(N(qy,,v2) — b3) = mN(qy,v2) + ®N(g,,v2) — b,
or, taking into account b5 = N(qj,v2) —N(qj,v1) + b1,
(m1 — 1)N(q1,v2) + mN(qy,,v2) —N(qi,v1) —b1 =
= mN(qy,,v2) — mN(q1,v2) +N(qq,v1) — b1
The inequality by < b} < by becomes of the form
by < N(q7,v2) —=N(qi,v1) +b1 < b1 +N(qy,,v2) — N(gy,,v1),

1e.,
N(qi,v2) —b2 > N(q7,v1) — b1,
N(QT,Vz) —N<C]T,V1) < N<qslav2) _N(qspvl)?
and the second inequality is equivalent to gy < ¢, i.e., the lower type

buyer’s quantity must be subeffective.
Thus the problem

mN(q7,v2) + mN(qy,,v2) — b5 — max,
N(qi,v1) —b1 =N(qj,v2) —b3 >0,
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for an optimal selling procedure can be reduced to

N(QT7V1> - TEZN(QT,VZ) — max,
N(q7,v2) —b2 > N(q7,v1) —b1 >0,

R
U, =b,
1 !
0 B d

b, q\ 9, 495, \

_b2

_]23 U1 :bl

—b2

Figure 4: The point of the maximum for the highest indifference curve for
the lower type is below the highest indifference curve for the higher type

Recall that the lower type’s offer is not effective, but the higher type’s
offer can either be effective or be not effective.

(IIl) On the contrary, the point (gy,,N(gy,,v2) —b2) is below the in-
difference curve for the lower type, i.e., N(qy,,v2) — by < N(qy,,v1) — b1,
then N(qy,,v1) —b1 > N(qy,,v2) — by (Fig.[§). Quite analogously an optimal
selling procedure is determined by the solution of a “mirror” problem

N(Q;"Z) - 7171N(q§,v1) — max,
N(g3,v1) —b1 > N(q3,v2) —b2 > 0,

Now the higher type’s offer is not effective, and it is not known a priori
whether the lower type’s offer is effective.

5. Example Model Application
We show how to find an optimal selling procedure for a classical model
example from [7], namely for vertically parallel demand. It is rather realistic
and widely assumed than the marginal utility (i.e., the demand price) of
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R
Uy =b
|
0 ) q
—bify 4, qszq;\\
Uy=>by
—by

Figure 5: The point (qy,,N(gy,,v2) — b2) is below the indifference curve for
the lower type

the higher type is greater that the marginal utility for the lower price at
a constant value for all product quantities.

Let the demand price be determined with the formula p(gq,v) =v—h(q),
h(0) >0, i'(-) > 0, then N(q,v) = q(v—c)—H(q), H(q) = [ h(x)dx, H(0) =
0, H'(0) > 0, H'(-) > 0, hence the function H(q) is increasing and convex.
The equality p(q) = ¢ implies ¢ = h~!(v—c), hence the type parameter v
cannot be less than c+4(0). For two types vi <v; the conditions N(qy, ,v1) —
by > N(qy,,v2) —ba and N(qj,,v2) — by > N(qj,,v1) — by of effectiveness of
the both offers (I) assume the form gy, (vi —c¢) —b1 > g, (v2 —¢) — by and
qy,(v2—c) —by > qy,(vi —c) — by, ie,

by — by
V2 — V]

§q$2<:>v1§h( )+c§v2.

In particular, by > b; is necessary, i.e., the higher type has not less require-
ments for minimal utility. In the right inequality b, > b; is implicit because
the function % is not defined for negative arguments.

It b, < by (which, of course, is illogical but left for the arguments

completeness) or & <%) + ¢ < vy, 1.e., the difference between b is b, to

small, then we obtain the case (II). Then the lower type receives the minimal
acceptable utility, and the higher type’s offer is equal to g;, . The respective
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problem for an optimal selling procedure is of the form

qi(vi —c¢) —mq;(v2 —c¢) — mH(g]) — max,
qi(v2—c) —H(q7) —b2 > qj(vi —¢) —H(q}) — b1 > 0,
h(q}) <vi—c,
(q;(vi — e — mvy) — mH(q}) — max,
q) > bz_bl,
or v
g > b1 +H(q7)
vi—c
L h(q]) <vi—c.

The derivative of the objective function is equal to vi — ¢ — mv2 — 1 h(q)).

by—b . .
Let q be the greater of L and the least of the solutions of the equation

V2=V
. by +H (CI 1)
Q=" -
Vi —¢C

If vi —mic—mvy < nlh(q(l)), then the objective function is decreas-
ing for all arguments that satisfy the constraints, and the optimal offer
for the lower type is determined by the quantity q(l). If, moreover, q(l) =
by — by

V2 =V
to the buyer.

, then the higher type’s offer provides the minimal acceptable utility

Otherwise, if vi — mjc — mpvy > nlh(q?), then the optimal quantity g} >
‘1(1) to sell to a lower type buyer is the solution of the equation mh(q}) =
V] — Tjc — Mvy, his utility is the minimal acceptable one, and the higher
type’s utility is equal to his utility calculated for the lower type’s offer.

What is left is to consider the case (III) when h( )+c > ).

Observe that this ensures b, > b;. We obtain analogously the optimization
problem

V) —V1

g5(v2 —c) — mq;(vi —¢) — mH(q5) — max,
¢(vi—c)—H(q5) —b1 > g3(va—c) —H(q3) —by > 0,
h(q§> >V —c,
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(qé(vz — Myc — mvy) — T H(g;) — max,
by — by
Vz—vl’
by +H(q3)
V) —C
L h(g5) > va—c.

q,
or

v

9
(

Let qg be the less of % and the greatest of the solutions of the equation

« _ batH(g5)
27 »m——c
creasing for the considered arguments, and qg is the optimal higher type’s of-

= lv’z:bl , then the lower type obtains the minimal accept-
2—V1

able utility, otherwise his utility is greater. For v) — myc — myvy < nzh(qg) we

solve the equation mh(q5) = v, — myc — mpvy under constraint i(g3) > v2 —c,

and the following calculation of the optimal offers is analogous to the case

(IT). The utility of the lower type is minimal in all cases.

vy —me—mvy > nzh(qg), then the objective function is in-

fer. If, moreover, qg

6. Conclusions
We observe that introduction of lower constraints on buyers’ utilities signif-
icantly complicates the model even for two types and rather simple depen-
dency of marginal utility on the buyer’s type. Analysis of solutions for more
buyers’ types will not lead to so elegant characterization as in [7], although
some conclusions can be drawn. In a subsequent paper we are going to
describe the case of many buyer’s types and investigate when ignoring some
types is profitable. For price discrimination is not always advantageous [1]],
we will also establish conditions when the same offer can be associated with
different types.
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MOJIEJIb HEJITHIMHOT O IITHOYTBOPEHHS 3 OBMEXEHUMHA
3HU3Y KOPUCHOCTAMMU NNOKYIIIA
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Kapnamcokuii nayionanvuuii ynisepcumem imeni Bacuns Cmeganuxa,
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Tlobyoosano poswupenns Kiacuunoi mooeni meopii' KOHMpaKmie — Mo-
Oeni Mackina i Patini neninitinoco yinoymeopenus. Ha kopucHicms noxynys
HAKIA0EeHO HeBIO €MHe 0OMedNCeHHs 3HU3Y | NOKA3AHO, WO Y YbOMY GUNAOKY
He CHPAaBONCYEMbCS MEEPOIHCEHHS NPO me, W0 3i 8CIX YMO8 CYMICHOCMI UHA-
20poo0U CYymmeBUMU € MINbKU NOPIGHAHHS KOJHCHO20 MUNY NOKYnYié 3 nonepe-
OHIM HUMNCYUM MUNOM, HPUYOMY Yi YMOBU BUKOHAHO AK pieHOcmi. /{ogedeHo,
wo y Hawit Mooeni HeoOXiOHO i OOCMAMHbLO PO32TISIHYMU MAKONC NOPIGHAHHS
3 HACMYNHUM SUWUM MUNOM, A CIMPO2T HEPIBHOCMI V NOPIGHAHHI 0eaK020 Mu-
ny 3 ycima cycioamu MOACIUGE MINbKU, AKWO OAHUL MUN OMPUMYE MIHIMATILHY
NpUnycmumy KOpUCHicmo. 3anponoHo8ano Memoou po36 s3aHHsA 0aHoi 3a0ayi
07151 080X MUNIB NOKYNYI8 MA 6KA3AHO, KOIU NPONO3UYIi 0I5l 000X YU 0OHO20 3
Munis € eghekmusHuUMU (8i0N0BIOAIOMb MAKCUMYMY COYIATLHO20 HAOTUUIKY).

Knrwowuosi cnosa: Llinosa ouckpuminayis, npooaseyb-moHONOAICM, J0-
KalbHI 00MedCceHH s, 0UiKY8aHA KOPUCHICTb.
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