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The work is devoted to the study of supersymmetric continuous 2-
homogeneous K-valued, where K ∈ {R,C}, polynomials on the Hilbert
space L2((−∞,+∞)) of all functions x : (−∞,+∞) → K such that x2

is Lebesgue integrable. We show that every such a polynomial P can

be represented as P(x) = α

(∫+∞

0 x2(t)dt−
∫ 0
−∞

x2(t)dt
)
, where α ∈

K. Consequently, the vector space of all such polynomials is one-
dimensional.

Key words: polynomial, symmetric function, supersymmetric func-
tion, Hilbert space, Lebesgue integrable function.

1. Introduction
The theory of supersymmetric polynomials on sequence Banach spaces
has many applications, especially, in statistical quantum physics (see
[1, 3]). In this work is consider the notion of supersymmetry of polyno-
mials on some function space. Namely, we investigate supersymmetric
continuous polynomials on the Hilbert space of Lebesgue measurable
functions on the real axis, squares of which are Lebesgue integrable.
Both real and complex cases are considered. We establish the structure
of a supersymmetric continuous 2-homogeneous scalar-valued polyno-
mial on this Hilbert space. We show that the vector space of all such
polynomials is one-dimensional.
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2. Preliminaries
Let K ∈ {R,C}. Let us denote by χA the characteristic function of a set
A ⊂ (−∞,+∞).

The space L2(M). Let L2(M), where M is a measurable subset
of (−∞,+∞) with the positive measure, be the Hilbert space over K
consisting of all Lebesgue measurable functions x : M →K such that x2

is Lebesgue integrable over M, with norm

∥x∥=
(∫

M
|x(t)|2 dt

)1/2

.

Symmetric 2-homogeneous polynomials on L2([0,+∞)). Let Ξ[0,+∞)

be the set of all bijections σ : [0,+∞) → [0,+∞) that preserve the
Lebesgue measure, i.e., σ−1(A) is measurable and µ(σ−1(A)) = µ(A)
for every measurable A ⊂ [0,+∞), where µ is the Lebesgue measure.
A function f : L2([0,+∞))→ K is called symmetric if f (x ◦σ) = f (x)
for every x ∈ L2([0,+∞)) and σ ∈ Ξ[0,+∞).

The following theorem is the partial result of [2, Theorem 2.12]
for the case K= R and [4, Theorem 3] for the case K= C.

Theorem 2.1. Let Q : L2([0,+∞)) → K be a symmetric continuous
2-homogeneous polynomial. Then

Q(x) = α

∫ +∞

0
(x(t))2 dt

for every x ∈ L2([0,+∞)), where α = Q(χ(0,1)).

3. The main result
Let K ∈ {R,C}. Let X = L2((−∞,+∞)) over K. Denote by Σ+ the set
of all bijections σ+ : (−∞,+∞) → (−∞,+∞) preserving the Lebesgue
measure such that σ+(t) = t for every t ≤ 0. Analogously, denote by Σ−
the set of all measure-preserving bijections σ− : (−∞,+∞)→ (−∞,+∞)
such that σ−(t) = t for every t ≥ 0.
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For Y ∈ X and k > 0 we define the operator FY,k : X → X by

(FY,kx)(t) =



x(t − k), if t > k,

x(t + k), if t <−k,

Y (t), if 0 ≤ t ≤ k,

Y (−t), if − k ≤ t < 0.

A functional H : X →K is called supersymmetric if for all x,Y ∈ X ,
all k > 0, all σ+ ∈ Σ+ and all σ− ∈ Σ− the following equalities hold:

1. H(x) = H(x◦σ+),

2. H(x) = H(x◦σ−),

3. H(x) = H(FY,kx).

Lemma 3.1. Let H : X →K be a supersymmetric functional. Then for
all x1, . . . ,xn,Y ∈ X , a1, . . . ,an ∈K and k > 0,

H

(
n

∑
i=1

aiFY,kxi

)
= H

(
n

∑
i=1

aixi

)
.

Proof. For t ∈ R we obtain

n

∑
i=1

ai(FY,kxi)(t) =


∑

n
i=1 aixi(t − k), if t > k,

∑
n
i=1 aixi(t + k), if t <−k,

(∑n
i=1 ai)Y (t), if 0 ≤ t ≤ k,

(∑n
i=1 ai)Y (−t), if − k ≤ t < 0.

Hence, ∑
n
i=1 aiFY,kxi = F(∑

n
i=1 ai)Y,k (∑

n
i=1 aixi) . By the supersymmetry

property 3, H(∑n
i=1 aixi) = H

(
F(∑

n
i=1 ai)Y,k (∑

n
i=1 aixi)

)
. Therefore,

H

(
n

∑
i=1

aiFY,kxi

)
= H

(
n

∑
i=1

aixi

)
.

This completes the proof.
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Let us investigate supersymmetric 2-homogeneous polynomials on
X . For a 2-homogeneous polynomial P : X → K we will denote by
AP the associated to P symmetric bilinear form. Note that AP can be
obtained as

AP(x,y) =
1
2
(
P(x+ y)−P(x)−P(y)

)
. (1)

Lemma 3.2. Let P : X → K be a supersymmetric 2-homogeneous
polynomial. Then the following properties hold for all x,y,Y ∈ X ,
k > 0, σ+ ∈ Σ+, σ− ∈ Σ−:

(i) AP(x,y) = AP(x◦σ+, y◦σ+),

(ii) AP(x,y) = AP(x◦σ−, y◦σ−),

(iii) AP(x,y) = AP(FY,kx, FY,ky).

Proof. We prove (i)–(iii) using the corresponding supersymmetry prop-
erties of P.

(i) Using P(x) = P(x◦σ+), we have

AP(x◦σ+,y◦σ+) =
1
2

(
P(x◦σ++ y◦σ+)−P(x◦σ+)−P(y◦σ+)

)
=

= 1
2

(
P((x+y)◦σ+)−P(x◦σ+)−P(y◦σ+)

)
= 1

2

(
P(x+y)−P(x)−P(y)

)
=

= AP(x,y).

(ii) The proof is identical using P(x) = P(x◦σ−).
(iii) Using P(x) = P(FY,kx) and Lemma 3.1, we obtain

AP(FY,kx,FY,ky) = 1
2

(
P(FY,kx+FY,ky)−P(FY,kx)−P(FY,ky)

)
=

= 1
2

(
P(x+ y)−P(x)−P(y)

)
= AP(x,y).

This completes the proof.

Lemma 3.3. Let P : X → K be a supersymmetric 2-homogeneous
polynomial. For intervals I ⊂ (−∞,0) and J ⊂ (0,∞), AP(χI,χJ) = 0.
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Proof. Let x := χ(−|I|,0) and y := χ(0,|J|), where |I|, |J| denote lengths
of the intervals I, J, respectively. By properties (i), (ii) (see Lemma
3.2) of the form AP, we have AP(χI,χJ) = AP(x,y). Without loss of
generality, we assume that |J|⩽ |I|. By property (iii) (see Lemma 3.2)
of the form AP, we get

AP(χ(|I|−|J|,0),0) = AP(FχJ ,|J|(χ(|I|−|J|,0)),FχJ ,|J|(0)) = AP(x,y).

Since AP is bilinear, we have AP(χ(|I|−|J|,0),0) = 0, which completes the
proof.

Corollary 3.1. Let P : X → K be a supersymmetric 2-homogeneous
polynomial. Then P(χ(−1,0)) =−P(χ(0,1)).

Proof. By the supersymmetry property 3, where we set x= 0, Y = χ[0,1),
and k = 1, we have P(0) = P(χ(−1,1)). Therefore, since P(0) = 0, it
follows that P(χ(−1,1)) = 0. On the other hand, by the binomial formula,

P(χ(−1,1))=P(χ(−1,0)+χ(0,1))=P(χ(−1,0))+2AP(χ(−1,0),χ(0,1))+P(χ(0,1)).

By Lemma 3.3, AP(χ(−1,0),χ(0,1))= 0. Therefore P(χ(−1,0))=−P(χ(0,1)).

Corollary 3.2. Let P : X → K be a supersymmetric 2-homogeneous
polynomial. For x = ∑

n
i=1 αiχBi and y = ∑

m
j=1 β jχC j , where αi,β j ∈K,

Bi,C j are intervals such that Bi ⊂ (−∞,0), C j ⊂ (0,+∞), we have
AP(x,y) = 0.

Proof. By the bilinearity of AP, AP(x,y) = ∑
n
i=1 ∑

m
j=1 αiβ j AP(χBi,χC j).

By Lemma 3.2, for every i, j, AP(χBi,χC j) = 0. Hence, AP(x,y) = 0.

Corollary 3.3. Let P : X → K be a continuous supersymmetric 2-
homogeneous polynomial. Let x,y ∈ X be such that x|(0,+∞)

a.e.
= 0 and

y|(−∞,0)
a.e.
= 0. Then AP(x,y) = 0.

Proof. Since x,y ∈ X , x|(0,+∞)
a.e.
= 0, and y|(−∞,0)

a.e.
= 0, it follows that

there exist sequences {xk}∞
k=1,{yl}∞

l=1 ⊂ X such that

lim
k→∞

xk = x, lim
l→∞

yl = y, and
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xk =
nk

∑
i=1

α
(k)
i χ

B(k)
i
, yl =

ml

∑
j=1

β
(l)
j χ

C(l)
j
,

where α
(k)
i ,β

(l)
j ∈K, and B(k)

i ,C(l)
j are intervals such that B(k)

i ⊂ (−∞,0),

C(l)
j ⊂ (0,+∞). Since P is continuous, it follows that AP is continuous.

Therefore,
AP(x,y) = lim

k→∞
lim
l→∞

AP(xk,yl).

By Corollary 3.2, AP(xk,yl) = 0. Consequently, AP(x,y) = 0.

Theorem 3.1. Let P : X → K be a continuous supersymmetric 2-
homogeneous polynomial. Then

P(x) = α

(∫ +∞

0
(x(t))2 dt −

∫ 0

−∞

(x(t))2 dt
)

for every x ∈ X , where α = P(χ[0,1]).

Proof. Let x ∈ X . Let x+,x− ∈ X be defined by

x+(t) = x(t)χ(0,+∞)(t), x−(t) = x(t)χ(−∞,0)(t)

for t ∈ (−∞,+∞). By the binomial formula,

P(x) = P(x++ x−) = P(x+)+2AP(x+,x−)+P(x−).

By Corollary 3.3, AP(x+,x−) = 0. Therefore,

P(x) = P(x+)+P(x−). (2)

Let operators ι+, ι− : L2([0,+∞))→ X be defined by

ι+(z) =
{

z(t), if t > 0,
0, if t ≤ 0, and ι−(z) =

{
z(−t), if t < 0,
0, if t ≥ 0 (3)

resp., where z ∈ L2([0,+∞)). It can be checked that both ι+ and ι−
are linear and continuous. Therefore P ◦ ι+ and P ◦ ι− are continuous
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2-homogeneous polynomials on L2([0,+∞)). By the properties 1 and 2
of the supersymmetry of P, P◦ ι+ and P◦ ι− are symmetric. Therefore,
by Theorem 2.1,

(P◦ ι+)(z) = α

∫ +∞

0
(z(t))2 dt and (P◦ ι−)(z) = β

∫ +∞

0
(z(t))2 dt

(4)
for every z ∈ L2([0,+∞)), where

α = (P◦ ι+)(χ(0,1)) and β = (P◦ ι−)(χ(0,1)),

i.e., taking into account (3) and Corollary 3.1,

α = P(χ(0,1)) and β = P(χ(−1,0)) =−P(χ(0,1)). (5)

Let z1,z2 ∈ L2([0,+∞)) be defined by z1(t) = x(t) and z2(t) = x(−t),
resp. for t ∈ [0,+∞). It can be checked that ι+(z1) = x+ and ι−(z2) =
x−. Therefore, by (4),

P(x+) = P(ι+(z1)) = α

∫ +∞

0
(x(t))2 dt and

P(x−) = P(ι−(z2)) = β

∫ +∞

0
(x(−t))2 dt = β

∫ 0

−∞

(x(t))2 dt

Therefore, taking into account (2) and (5), the desired equality holds.

Corollary 3.4. The vector space of all continuous supersymmetric 2-
homogeneous polynomials on X is one-dimensional.
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СУПЕРСИМЕТРИЧНI 2-ОДНОРIДНI ПОЛIНОМИ НА
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Роботу присвячено дослiдженню суперсиметричних неперерв-
них 2-однорiдних K-значних, де K ∈ {R,C}, полiномiв на гiльбер-
товому просторi L2((−∞,+∞)) всiх функцiй x : (−∞,+∞)→ K, для
яких функцiя x2 є iнтегровною за Лебегом. Показано, що кожен та-

кий полiном P зображається як6 P(x)=α

(∫+∞

0 x(t)dt−
∫ 0
−∞

x2(t)dt
)
,

де α ∈K. Як наслiдок, лiнiйний простiр всiх таких полiномiв є одно-
вимiрним.

Ключовi слова: полiном, симетрична функцiя, суперсиметри-
чна функцiя, гiльбертiв простiр, iнтегровна за Лебегом функцiя.
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