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The work is devoted to the study of supersymmetric continuous 2-
homogeneous K-valued, where K € {R,C}, polynomials on the Hilbert
space Ly((—oo,40)) of all functions x : (—oo,+o0) — K such that x>
is Lebesgue integrable. We show that every such a polynomial P can

be represented as P(x) = a| [;F*x2(t)dt— [° x2(t)dt |, where a €

K. Consequently, the vector space of all such polynomials is one-
dimensional.

Key words: polynomial, symmetric function, supersymmetric func-
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1. Introduction

The theory of supersymmetric polynomials on sequence Banach spaces
has many applications, especially, in statistical quantum physics (see
[1, 3]). In this work is consider the notion of supersymmetry of polyno-
mials on some function space. Namely, we investigate supersymmetric
continuous polynomials on the Hilbert space of Lebesgue measurable
functions on the real axis, squares of which are Lebesgue integrable.
Both real and complex cases are considered. We establish the structure
of a supersymmetric continuous 2-homogeneous scalar-valued polyno-
mial on this Hilbert space. We show that the vector space of all such
polynomials is one-dimensional.
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2. Preliminaries
Let K € {R,C}. Let us denote by x4 the characteristic function of a set
A C (—oo0,+00).

The space Ly(M). Let Ly(M), where M is a measurable subset
of (—eo,4o0) with the positive measure, be the Hilbert space over K
consisting of all Lebesgue measurable functions x : M — K such that x?
is Lebesgue integrable over M, with norm

il = ( [ o) "

Symmetric 2-homogeneous polynomials on Ly([0,+o0)). Let Ejg 4o
be the set of all bijections o : [0,+00) — [0,400) that preserve the
Lebesgue measure, i.e., 6~ '(A) is measurable and u(c~'(4)) = u(A)
for every measurable A C [0,+4o0), where p is the Lebesgue measure.
A function f: L([0,+e0)) — K is called symmetric if f(xo o) = f(x)
for every x € L([0,+0c0)) and © € Efg ;o0).

The following theorem is the partial result of [2, Theorem 2.12]
for the case K =R and [4), Theorem 3] for the case K = C.

Theorem 2.1. Let Q: Lr([0,+c0)) — K be a symmetric continuous
2-homogeneous polynomial. Then

for every x € L([0,+)), where a = Q(X(o,l))-

3. The main result
Let K€ {R,C}. Let 2" = Ly((—o0,+<0)) over K. Denote by X, the set
of all bijections 0 : (—oo,+00) — (—oo0, +00) preserving the Lebesgue
measure such that o () =1t for every t <0. Analogously, denote by X_
the set of all measure-preserving bijections 0_ : (—co, 4-c0) — (—co, 4-c0)
such that o_(¢) =t for every > 0.
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For Y € Z and k > 0 we define the operator Fy; : 2~ — 2 by

(

x(t—k), ift>k,
x(t+k), ifr<—k,

Y (1), if 0<r<k,
Y(—-t), if —k<r<O.

(Fyxx)(1) =

\

A functional H : 2" — K is called supersymmetric if for all x,Y € 2,
all k>0, all oy € X, and all o_ € X_ the following equalities hold:

I. H(x)=H(xo0,),
2. H(x)=H(xoo0.),
3 H(X) = H(FYJ{X).

Lemma 3.1. Let H: 2" — K be a supersymmetric functional. Then for
all xi,...,x,, Y € Z', ay,...,a, € K and k > 0,

n n
H(Z a,‘Fkai) = H(Z a,-xi> .
i=1 i=1

Proof. Fort € R we obtain

Y& aixi(t—k), ift>k,
- YO axi(t+k), ift<—k,
Z (Fyxxi) (1) = _
i=1 (Xija)Y (), if0<r<k,
(Xija)Y(=t), if —k<t<O.
Hence, Y., aiFyxi = F(Z;’:lai)ﬁk (Y% aix;). By the supersymmetry

property 3, H(Y.! ; aix;) = H(F( " )Yk (X, a,-x,-)) . Therefore,

n n
H(Z aiFY,kxi> = H(Z a,-xi> .
i=1 i=1

This completes the proof. []
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Let us investigate supersymmetric 2-homogeneous polynomials on
Z . For a 2-homogeneous polynomial P: 2 — K we will denote by
Ap the associated to P symmetric bilinear form. Note that Ap can be
obtained as

Ap(x.y) = 5 (P(x-+) — P(x) ~ P(y). 1)

Lemma 3.2. Let P: 2 — K be a supersymmetric 2-homogeneous
polynomial. Then the following properties hold for all x,y,Y € 2,
k>0 0,€X,, o_e€X_:

(i) Ap(x,y) =Ap(xo0y,yo0y),
(il) AP(xvy) AP(XOG—ayOG—)a
(iii)  Ap(x,y) = Ap(Fy X, Fy 1y)-

Proof. We prove (i)—(iii) using the corresponding supersymmetry prop-
erties of P.
(i) Using P(x) = P(xo 0 ), we have

Ap(x00y,y004) = %(P(xo<7++y00+)—P(XOG+)—P(YOG+)) =

=} (P(+3) 0 04)—Plx0 ) ~P(yo o) ) =4 (Plr+9)—P(x)—P(y) ) =

=Ap(x,y).

(ii) The proof is identical using P(x) = P(xoo_).
(i) Using P(x) = P(Fyx) and Lemma we obtain

Ap(Fyx,Fyry) = %(P (Fygx+ Fy xy) — P(Fypx) — P (FY,ky)> =

=1 (P(e+2) = P() = P() ) = Ap(x.).
This completes the proof. []

Lemma 3.3. Let P: 2 — K be a supersymmetric 2-homogeneous
polynomial. For intervals 1 C (—e0,0) and J C (0,0), Ap(x1,x7) =0.
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Proof. Let x:= x(_10) and y := X(0,))» Where |I|, |J| denote lengths
of the intervals I, J, respectively. By properties (i), (if) (see Lemma

of the form Ap, we have Ap(x1,%s) = Ap(x,y). Without loss of
generality, we assume that |J| < |I|. By property (iii) (see Lemma
of the form Ap, we get

Ap(X(11-1710),0) = Ap(Fy, 1711 (X(111=141,0))» Fyy,171(0)) = Ap(x,Y).

Since Ap is bilinear, we have Ap(x(m_m’o),O) =0, which completes the
proof. O

Corollary 3.1. Let P: 2" — K be a supersymmetric 2-homogeneous
polynomial. Then P(x(_0)) = —P(X0,1))-

Proof. By the supersymmetry property 3, where we setx =0, Y = x/o 1),
and k=1, we have P(0) = P(x(1,1)). Therefore, since P(0) =0, it
follows that P()(_1,1)) =0. On the other hand, by the binomial formula,

P(x—1,1)=P(X(—1,0X0,1) =P(X(~1,0) +2Ap(X(-1,0)» X(0,1)) +P(X(0,1))-

By Lemma[3.3} Ap(%(-1,0), X(0,1)) = 0. Therefore P(x(_10)) = —P(X(0,1))-
O

Corollary 3.2. Let P: 2" — K be a supersymmetric 2-homogeneous
polynomial. For x =Y , 0;Xp, and y = ZT:l Bixc;, where o, B; €K,
B;,C; are intervals such that B; C (—,0), C; C (0,+c0), we have
Ap(x,y) =0.

Proof. By the bilinearity of Ap, Ap(x,y) =YY", ZJ”.’ZI aifjAp(XB;, Xc;)-
By Lemma for every i, j, Ap(Xa:, Xc;) = 0. Hence, Ap(x,y) =0. [

Corollary 3.3. Let P: 2 — K be a continuous supersymmetric 2-
homogeneous polynomial. Let x,y € 2 be such that x\(07+m) =0 and

y‘(—oo70) “£ 0. Then Ap(x,y) =0.

Proof. Since x,y € 2, x|(07+oo) £ 0, and y|(_w7o) “£ 0, it follows that
there exist sequences {x;};> ,,{y:};>; C £ such that

limx, =x, limy;=y, and
k—yoo [—o0
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_ Y _ v gl
=)y o Xg), YI= Y B x5
: ; = i
where Otl.(k), [3]@ €K, and Bl(k),C]@ are intervals such that Bl(k) C (—o0,0),

Cj(.l) C (0,4+c0). Since P is continuous, it follows that Ap is continuous.
Therefore,

Ap(x,y) = lim limAp(xk,yl).

k—yo0 [—yo0

By Corollary 3.2} Ap(x,y;) = 0. Consequently, Ap(x,y) = 0. O

Theorem 3.1. Let P: X — K be a continuous supersymmetric 2-
homogeneous polynomial. Then

mmza(émgmfm—/i@mﬂm>

for every x € Z°, where a = P(¥ 1))-
Proof. Letxe 2. Let xy,x_ € 2 be defined by
£ () =30 H04) (1), (1) =500
for t € (—oo,+c0). By the binomial formula,
P(x) =P(xy +x_) = P(x4)+2Ap(xy,x_) + P(x_).
By Corollary Ap(x4,x_) = 0. Therefore,
P(x) =P(x4+)+P(x_). ()

Let operators 14,1_ : Lp([0, o)) — 2" be defined by

_ ) zt), ift>0, | z(-1), ifr<0,
‘+(Z>_{0, ifr<o, ‘—(Z)_{o, itr>0 O

resp., where z € L([0,+)). It can be checked that both 1, and 1_
are linear and continuous. Therefore Po1, and Po1_ are continuous
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2-homogeneous polynomials on L([0,+o)). By the properties 1 and 2
of the supersymmetry of P, Po1, and Po1_ are symmetric. Therefore,
by Theorem

(Poty)(2) = (X/()+w(z(t))2dt and  (Po1 )(2) =B /+°°
4)
for every z € L([0,40)), where

o= (Pots)(Xo1) and B =(Poi_)(X01)

i.e., taking into account (3) and Corollary

a=P(20,1) and B=P(x—10)=-PXo,1) (%)

Let z1,22 € Lp([0,+00)) be defined by z;(r) = x(¢) and zp(¢) = x(—1),
resp. for 7 € [0,+00). It can be checked that 14 (z;) = x4 and 1_(z2) =
x_. Therefore, by (4),

P(xy) = P(14(z1)) = o /0 " (x())2dr and

P(x_) = Pi_(22)) ﬁ/+°° Vi — [3/

Therefore, taking into account (2)) and (3)), the desired equality holds.
[

Corollary 3.4. The vector space of all continuous supersymmetric 2-
homogeneous polynomials on X is one-dimensional.
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CYINEPCUMETPHYHI 2-OJHOPIJHI MOJIHOMM HA
MPOCTOPI L, ((—oco, +0))

10.C. WapuH
Kapnamcwkuii nayionanvnui ynieepcumem imeni Bacuns Cmeghanuka,

76018, eyn. lllesuenxa, 57, leano-Ppankiecok, Yrpaina,
e-mail: yurii.sharyn.2l@pnu.edu.ua

Pobomy npucesueno 0ocniodxcennio cynepcumempuiux Henepeps-
Hux 2-00nopionux K-snaunux, oe K € {R,C}, noninomie na 2inwbep-
moeomy npocmopi Ly ((—oo,+00)) 6cix ghynryiti x : (—oo,+00) — K, dnn
akux gyuxyia x> € inmezposnoio 3a Jlebezom. ITokazano, wo xoxcen ma-

Kkuil noninom P 306pasicaemocs k6 P(x)=a (fo *xt)dt— [0 x2 (t)dt) :

oe a € K. Ak nacniook, ninitinuti npocmip 6cix maxux nojiiHOMI8 € 0OHO-
BUMIDHUM.

Knrwowuogi cnosa: noninom, cumempuuna yHkyis, cynepcumempu-
yHa QyuKyis, einbbepmie npocmip, inmeepoeua 3a Jlebecom Qyukyis.
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