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This paper studies degenerate bilinear forms on the space of polyno-
mials generated by discrete functionals of Lagrange and Hermite type. It
is shown that for a discrete form built from polynomial values at a finite
set of nodes, its kernel coincides with the principal ideal generated by the
polynomial vanishing at all nodes. Next, a Hermite-type generalization is
established: if the form depends on derivative values up to prescribed orders
at the nodes, and the corresponding local coefficient matrices are nonde-
generate, then the kernel of the form coincides with the principal ideal
generated by the product of the corresponding powers of linear factors.
This makes it possible to interpret the quotient space of polynomials mod-
ulo the kernel as a space of finite jets, and the corresponding orthogonal
decomposition as Lagrange or Hermite interpolation. In addition, a general
theorem on local forms on jet spaces is formulated, covering Lagrange,
Hermite, and mixed local schemes within a unified framework.

Key words: degenerate orthogonality, polynomial ideals, Hermite in-
terpolation, jet spaces, local bilinear forms, discrete orthogonal systems..

1. Introduction
The classical theory of orthogonal polynomials usually relies on nondegen-
erate inner products of the form

(r.9)= [ Pl du(x)

where 1 is a positive measure on a subset of the real line. If the support
of the measure is finite, then the corresponding form on the space of all

ISSN 2304-7399. Tlpuxapnarcekuii Bichuk HTIIL Yucno. — 2026. — Ne 22(83). — ¢.7687
*Corresponding author (© V.M. Pylypiv, R.V. Malyarchuk, 2026
This work is licensed under CC BY-NC-ND 4.0 @®SG


https://orcid.org/0000-0003-0579-1211
https://orcid.org/0000-0000-0000-0000
https://creativecommons.org/licenses/by-nc-nd/4.0/

MATEMATHKA TA MEXAHIKA 77

polynomials becomes degenerate, and this naturally leads to the problem of
describing its kernel and factoring the polynomial space by this kernel.

Although the discrete case is classical and closely related to Lagrange
interpolation, it is useful to emphasize its algebraic meaning: the kernel
of the form is a polynomial ideal in the ring K[x]. This point of view
becomes especially fruitful when passing to Hermite conditions, where the
form depends not only on polynomial values at the nodes but also on the
values of derivatives.

The aim of this paper is:

(1) to describe discrete degenerate forms on K[x| via their kernels;
(2) to show that these kernels are principal ideals;

(3) to construct natural orthogonal bases in the corresponding quotient
spaces;

(4) to give a Hermite-type generalization and prove an exact description
of the kernel,

(5) to interpret the quotient space in terms of jet spaces;

(6) to formulate a unifying principle for local bilinear forms on jet spaces.

Throughout the paper, K denotes either the field R or the field C.

2. The Discrete Lagrange Setting
Let xq,...,x, € K be pairwise distinct points, and let wy,...,w, € K be
nonzero weights. Consider on K[x] the bilinear form

B(p,q) = iwip(xi)Q(xi)'

Set @ (x) =TT, (x—x;).
Definition 2.1. The kernel of the form B is defined by
KerB = {p € K[x]: B(p,q) =0 for all q € K[x]}.

Theorem 2.1. Assume that xy,...,x, are pairwise distinct and that w; # 0
foralli=1,...,m. Then

KerB = (0(x)) = {o(x)u(x): u(x) € K[x]}.
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Proof. Let p € KerB. For each j € {1,...,m} consider the jth fundamental

Lagrange polynomial
X — .Xr
lj(x) =

1<r<m

r#j

Xj— X
which satisfies ¢j(x;) = &;;. Then

szp -xl -xl = W]p(x])

Since w; # 0, we obtain p(x;) =0 for all j. Hence p is divisible by w(x),
that is, p € (o(x)).
Conversely, if p(x) = o(x)u(x), then p(x;) =0 for all i, and therefore

q) = iwip(xi)Q(xi) =0

for every ¢ € K[x]. Thus p € KerB. The theorem is proved. N

Corollary 2.1. The quotient space K[x|/(@(x)) has dimension m, and each
of its classes contains a unique representative of degree less than m.

Proof. This follows immediately from polynomial division with remainder
by o(x). O

Proposition 2.1. The fundamental Lagrange polynomials ¢1,... 0, form an
orthogonal system with respect to B, and

B(ﬁi,fj) = Wi5ij-

In particular, if w; > 0, then the system
i=1,...,m,

is an orthonormal basis of the quotient space Kx|/(®(x)).

Proof. We have
£l7€ Z Wkg xk Z Wk61k6]k = Wlélj

The statement follows. O]
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Proposition 2.2. For every polynomial p € K[x|, there exists a unique poly-
nomial q € K[x| such that

p(0) = Y p()i(x) + 0(x)q(x). )

) = plx) — Y- plx) ().

Then r(x;) =0 for all j=1,...,m, hence r is divisible by w(x). O

Remark 2.1. Formula (1)) shows that the orthogonal decomposition in the
quotient space K[x|/(w(x)) actually coincides with the Lagrange interpola-
tion.

3. Two-Point and Three-Point Examples

3.1. The two-point case {+a}

Let a € K, a # 0, and consider

B(p,q) = ap(a)q(a) + Bp(—a)g(—a),
where o, € K\ {0}. Then w(x) =x*—a?, and by Theorem KerB =

(x* —a?).

Proposition 3.1. If a+ 3 #0, then the system §o(x) =1, ¢1(x) =x— a%{x_gﬁﬁ)

is orthogonal with respect to B.

Proof.
so=a(a- "R 1 (- D) @

=0. €)

[

In the symmetric case o = 3 > 0, we obtain the orthonormal basis
1 X
eo(x) = —, er(x) = .
W= W=

Every polynomial decomposes as

p(x) =A+Bx—+ (x2 — az)q(x).
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3.2. The three-point case {—a,0,a}
Let a # 0 and consider

B(p,q) = p(—a)q(—a)+ p(0)q(0) + p(a)q(a).

Then @(x) = x(x> —a?). The fundamental Lagrange polynomials are

x(x—a) a’ —x? x(x+a)

lalx) = =75 lolx) = s la(x) =5

a2

The corresponding decomposition is
p(x) = p(=a)l—a(x) + p(0)Lo(x) + p(a)la(x) +x(x* — a®)q(x).

4. The Hermite-Type Generalization
We now take into account not only polynomial values at the nodes, but also
values of derivatives.

Let x1,...,x, € K be pairwise distinct points, and let k; e Jkm € N be
prescribed multiplicities. Set N = kj +--- +k,, and Q(x) = [T, (x —x;)k.

For each i, let CO) = (¢ ﬁs)) ! o be a square matrix of order k; over K.

Definition 4.1. The Hermite- type bilinear form associated with the nodes x;,
multiplicities k;, and matrices CY) is defined by

i—Lki—

=i; Zcr;p (). 4)

Remark 4.1. The simplest special case is the diagonal form
m ki—1

ZZWIFP )( )

i=1r=

where all w;, # 0.

Theorem 4.1. Assume that all matrices CY) are nondegenerate. Then
KerBy = (Q(x)) = {Q(x)u(x): u(x) € K[x]}.

Proof. First, we prove the inclusion (Q(x)) C KerBy. If
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then at each point x; the polynomial p has a zero of multiplicity at least k;.
Hence
p(r)(x,-):0, r=0,1,...,k—1.

Therefore, all terms in (@) vanish, and By (p,q) =0 for all g € K[x]. Thus
p € KerBy.
Now let p € KerBy. For each i, consider the vector

vi(p) = (P(xi),P/(x,'),...,p(ki_l)(xi))T c K~

Then

3

Br(p.q) = Y vi(p)"CYvi(q).
=1

~

Fix an index i. By Hermite interpolation, for every vector u € K* there
exists a polynomial ¢ € K[x] such that v;(¢) = u, and for all j # i, v;(q) =0.
Then the condition By (p,q) = 0 implies

vi(p)TcDu=0 for all u € KN

Hence, v;(p)TC) = 0. Since C%) is nondegenerate, it follows that v;(p) = 0.
Therefore,
p(r)(xi):0, r=0,1,...,k—1.

This holds for all i, so p is divisible by Q(x). The theorem is proved. [

Corollary 4.1. The quotient space K[x|/(Q(x)) has dimension
dimK[x]/(Q(x) =N =) ki,
i=1

and each of its classes contains a unique representative of degree less than

N.

5. Hermite Interpolation as an Orthogonal Decomposition
The conditions

H(r)(x,-):yijr, i=1,....m;, r=0,...k—1,

define a unique Hermite interpolation polynomial H(x) of degree less than
N.
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Theorem 5.1. For every polynomial p € K[x|, there exists a unique polyno-
mial q € K[x| such that

p(x) = Hp(x) +Q(x)q(x), (5)

where H), is the unique polynomial of degree < N satisfying
Y () = p) (x; =1 =0,... ki—1
b (xi) = p" (x), i=1,....m, r=0,...,k—1.

Proof. By the theorem on Hermite interpolation, there exists a unique poly-
nomial H, of degree < N with the prescribed derivative values. Then the
polynomial p — H), has a zero of multiplicity at least k; at each node x;, hence
it is divisible by Q(x). N

Remark 5.1. Theorem shows that the ‘“visible” part of a polynomial
in the quotient space K[x|/(Q(x)) is precisely its Hermite interpolation
polynomial.

6. A Canonical Hermite Basis
For each i=1,...,m and r =0,...,k; — 1, there exists a unique polynomial
H; ,(x) of degree < N satisfying

Hi(,f’)(-xj):(sijcsrﬁ j:1>"~7m7 SZO?’k]_l
Proposition 6.1. The system of polynomials
{Hi,r(x): i=1,...,m r=0,...k—1}

forms a basis of the space of all polynomials of degree less than N. More-
over, for every p € K[x|, one has the expansion

m ki—1
ZZP x) +Q(x)q(x). (6)

i=1r=

Proof. This is an immediate consequence of Theorem [

Remark 6.1. In the Lagrange case, when ki =1 for all i, the polynomials
H, coincide with the fundamental Lagrange polynomials.
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7. Interpretation via Jet Spaces
For each i, consider the space of (k; —1)-jets at the point x;, which in the
one-dimensional polynomial case can be identified with the vector space

T =K

with coordinates
(p(xi>7p/<xi)= cee 7p(ki_])<xi)) :

Then the mapping Ty : K[x] — @, /5!, defined by
Tu(p) = (vi(p)s---,vm(P)),
has kernel Ker Ty = (Q(x)). Hence, K[x]/(Q(x)) = @, J&i !,

Remark 7.1. Thus, the Hermite-type degenerate orthogonality on K|x| natu-
rally transfers to a finite-dimensional jet space. This is one of the conceptual
meanings of the construction.

8. A General Theorem on Local Forms and Jet Spaces
In this section we formulate a statement that generalizes the previous results
and conceptually reduces the Lagrange and Hermite cases to a single scheme.

For fixed pairwise distinct nodes x1,...,x, € K and multiplicities ky, ..., k;, €
N, let Qk(x) =17, (x—x;)% and consider the space of local jets J = @, J,lfi"_l =
= K5

Theorem 8.1. Let % be an arbitrary bilinear form on the space J. Then
the formula

By(p.q) = %(Tu(p),Tu(q))

defines a bilinear form on K|x| such that
(.Q.(x)) C KerB .
Moreover, the following statements are equivalent:

(1) the form % is nondegenerate on J;
(2) the induced form By on the quotient space Klx]/(Q(x)) is nondegen-
erate,
(3)
KerByz = (Q(x)).
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Proof. Since Ty (p) =0 for every p € (Q(x)), we have

By(p,q) = %(0,Tu(q)) =0

for all ¢ € K[x]. Hence, (Q(x)) C KerBz.

By construction, the operator Ty is surjective: for any prescribed set
of local data in J, there exists a polynomial realizing these data by Her-
mite interpolation. Moreover, KerTy = (Q(x)). Therefore, Ty induces an
isomorphism _

Ty : Kx]/(Q(x)) — J.

If % is nondegenerate on J, then via the isomorphism Ty it transfers to
a nondegenerate form on Kx|/(Q(x)). This proves 1)Rightarrow2).

The implication 2) — 3) is immediate: if the induced form on the
quotient is nondegenerate, then its kernel in K[x] must coincide with the
factorization kernel, namely (Q(x)).

Finally, assume that 3) holds. Let u € J be such that

PB(u,v) =0 for all v € J.

Since Ty is surjective, there exists p € K[x] such that 7y (p) = u. Then for
every g € K[x],
By (p,q) = #(T1(p) Tu(q)) = #(u,Tu(q)) = 0.

Thus p € KerByz = (Q(x)), and hence u = Ty (p) = 0. Therefore, the form
2% is nondegenerate. The theorem is proved. [

Remark 8.1. Theorem shows that the whole construction is actually
determined not by a specific formula on polynomials, but by the choice of
a local bilinear form on the jet space. In particular, Theorem is a
special case in which % is given by a block-diagonal matrix composed of
the matrices C'0).

9. Additional Examples
Example 1 (One node of multiplicity 2). Let a € K and consider

By (p,q) = ap(a)g(a)+Bp'(a)q (a),  a,B#O0.

Then
Qx) = (x—a)?, KerBy = ((x—a)?).

Every polynomial p € K[x| has the unique decomposition

p(x) = p(a)+p'(a)(x—a) + (x— a)?q(x).
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Example 2 (One node of multiplicity 3). Fix a point a € K and consider
the form
Br(p,q) = aop(a)q(a) + aup'(a)q (a) + a2p”(a)g"(a), o, 0u,00 #0.
Then

Qx) = (x—a)?, KerBy = ((x—a)?).
Every polynomial p € K[x| has the unique decomposition

p'(a)

2 (r—aP + (r—a)g(x).

p(x) = p(a)+p'(a)(x—a)+

Example 3 (Two nodes of multiplicities 2 and 1). Let a,b € K be two distinct
nodes and consider the form

By(p,q) = cop(a)g(a)+ a1 p'(a)q'(a) + Bp(b)g(b),  on,0u,B #0.

Then
Q(x) = (x—a)*(x—b), KerBy = ((x—a)*(x—b)).

For every polynomial p one has the decomposition
p(x) = p(a)Hao(x) + p'(a)Ha 1 (x) + p(b)Hp 0(x) + (x — ) (x = b)g(x),

where the basis polynomials are determined by the conditions

Ha,o(a) =1, H;O(a) =0, Ha,O(b) =0, @)
Hy(a) =0, H,(a) =1, Hy(b) =0, ®)
Hpo(a) =0, Hj,o(a) =0, Hp(b) = 1. )

Example 4 (A nondiagonal local form). Let m =1, x; = a, k; =2, and let
the local form matrix be

c:(g g), aB—7 40,
Then

By(p.q) = ap(a)q(a) +yp(a)d (a) + vp'(a)q(a) + Bp'(a)d ().

Since the matrix C is nondegenerate, we have KerBy = ((x —a)?). This ex-
ample shows that the structure of the kernel is determined not by diagonality
of the form, but by the completeness of the local jet information at the node.
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10. Conclusions
A unified scheme for Lagrange and Hermite-type degenerate forms on the
polynomial space has been constructed. It has been shown that:

(1) in the discrete Lagrange case, the kernel of the form coincides with
the ideal (@(x)), where @ vanishes at all nodes;

(2) in the Hermite case, under the nondegeneracy of the local matrices,
the kernel of the form coincides with the ideal (Q(x)), where

m
Qx) = Jr—x)";
i=1
(3) the corresponding quotient spaces admit a natural interpolation inter-
pretation;
(4) the Hermite setting is naturally described in the language of finite jets;
(5) the general theorem on local forms on jet spaces covers Lagrange,
Hermite, and mixed local schemes within a single framework.

These results may serve as a basis for further studies of degenerate
orthogonal structures related to local functionals, generalized functions, and
polynomial modules.
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YV yiti cmammi oocnioscyromocs eupooiceni Oininitini hopmu Ha npo-
CMOpi NONLIHOMIB, NOPOOANCEHUX OUCKpemHUMU (yHKyioHaramu muny Jlaecpan-
aca ma Epmima. Ilokasano, wo 011 ouckpemuoi gopmu, nobyoosanoi Ha
OCHOGI 3HAYeHb NONTHOMA 8 CKIHUEHHIU MHOMCUHI 8Y31i6, ii A0po 30icacmbcs 3
207108HUM 10€aI0M, NOPOOIHCEHUM NONTHOMOM, WO 3AHYIIOEMbCA Y 6CIX 8Y3AX.
ani ecmanosneno yzacanvuennus muny Epmima: axwo gopma 3anexcums 6io
3HAYeHb NOXIOHUX 3a0aHUX NOPAOKI8 V 8Y31aX, a 6I0N0GIOHI NTOKAIbHI MAMPU-
Yi Koeghiyienmis € HesUPOIIHCEHUMU, MO A0PO Popmu 30icacmbcs 3 20108HUM
ioeanom, nopoodceHuM O0OYMKOM BIONOBIOHUX CMENEeHi8 NIHIUHUX MHONCHU-
kig. Lle oae 3mozy inmepnpemysamu ¢haxmop-npocmip NONIHOMIE 34 MOOY-
JlemM A0pa 5K npocmip CKiH4eHHUX CMPYMeHi8, a 8iON0BIOHUL OPMO2OHATIbHULL
posknad — sk inmepnonsayiro Jlaepansca abo Epmima. Kpim moeo, cgpopmy-
JIbOBAHO 3A2ANIbLHY Meopemy Hpo JNOKANbHI hopmu HA NPOCMOpax CmpyMeHis,
sKa oxonnioe cxemu Jlaepamoica, Epmima ma 3miluani 10KanibHi cxemu 8 €OUH)
cucmemy.

Knrwowuosi cnosa: supoosicena opmo2oHanbHicms, NOAHOMHI i0ednu, ep-
Mimosa iHmepnonsayis, npocmopu CMpymMeHie, 10KaAbHi OLNIHIUHI popmu, ouc-
Kpemua opmo20HaAbHA cUcmema.
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