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The work is devoted to the study of subsymmetric continuous linear
functionals on real and complex topological vector spaces of Lebesgue in-
tegrable functions on the semi-axis. We consider the class of such spaces
satisfying some natural conditions. The complete description of the struc-
ture of a subsymmetric continuous linear functional defined on an arbitrary
representative of this class has been found. Specifically, we show that every
such a functional can be represented as an integral of its argument up to
multiplication by a constant.
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1. Introduction

Subsymmetric polynomials and, in particular, subsymmetric linear functionals
on sequence Banach spaces were studied in [1]] and [2]]. In this work, we
consider the notion of subsymmetry for functions defined on some topologi-
cal vector spaces of Lebesgue integrable functions on the semi-axis. We
describe the structure of subsymmetric continuous linear functionals on these
spaces. Namely, we show that every such a functional can be represented
as the Lebesgue integral over the semi-axis multiplied by some constant
number. Result of this work can be used in the investigations of subsymmetric
polynomials on spaces of Lebesgue integrable functions.
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2. Results
For A C [0,+00) and for ¢ € [0, 4) we define

1a(t) = 1, ifteA,
AT 0, otherwise.

Let K € {R,C}. For n € N, let D,, be the set of all functions x : [0, +c0) —
K such that, for every j € N,

x(t) =aj (1)

for t € []Z_—nl,zi), where aj,ap,... € K are such that 23'0:1 laj| < oo. Denote
D = J;—; Dy. Let X[0,+0c0) be a topological vector space over K of classes
of equivalence (with respect to the equivalence relation x; ~xy <= x| = x,)
of Lebesgue measurable functions x : [0, +e) — K with the usual operations
of addition and multiplication by scalars such that the following conditions
are satisfied:

(1) Every x € X[0,+<o) is Lebesgue integrable, i.e. the integral

JRREGI
[0,4°)

is finite.
(2) The functional g : X[0,+) — K, defined by

s =[x @

where x € X[0,+o0), is continuous.
(3) The set D is dense in X[0,+co).

(4) For every n € N and for every x € D, of the form (I)), the series
Yia;l [0 4] is weakly convergent to x.

o
(5) For every a,b € [0,+<0) such that a < b and for every x € X[0,+o0), the
function By, ) (x) : [0,+0c0) — K, defined by

x(1), ift <a,
Bap(x)() =1 0, if 1 € [a,b], 3)
x(t—b+a), ift>b

for t € [0, +<0), belongs to X0, +oo).
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In particular, the space L]0, +o0) of all K-valued Lebesgue integrable
functions on [0, +e0) can serve as an instance of X[0,+oo).
A function f : X[0,+e) — K is called subsymmetric if

S (Biap(x)) = f(x)

for every x € X[0,+o0) and a,b € [0,+c0) such that a < b, where By, is
defined by (3)).

Our goal is to describe all subsymmetric linear continuous functionals
on X[0,+o0). First, we prove some auxiliary results.

Lemma 2.1. Let f: X[0,+) — K be a subsymmetric function. Then, for
every a,b,c € [0,+o0) such that a < b,

f(l[mb]) - f(l[a+c,b+c])'

Proof. By (3)),
Bo.c) (1ap]) = latepi-
Therefore, since f is subsymmetric,

f(l[mb}) = f(l[a—i—qb—i—c])'
This completes the proof. ]

Lemma 2.2. Let f: X[0,+o) — K be a subsymmetric linear functional. Then,
Sor every a € [0,+) and m € N,

F(toma)) = mf (1jp.a)-
Proof. Since
[0,ma] = [0,a] U (a,2a]U...U((m—1)a,mal,
it follows that
Lioma) = Ljo,a) T La2a) +- -+ L(m—1)ama)-
Therefore, by the linearity of f,

f(l[O,ma]) :f<1[0,a]) +f<1(a,2a]) +"'+f<1((mfl)u,mu])' (4)

Since 1(a,2a] = 1[a,2a} ERRER) 1((mfl)ama] =

f(l(a72a]) = f(l[a72a])7 e 7f(1((m71)a7ma]) = f(l[(mfl)mma])

1[(m71)a,ma]7 it follows that
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and, consequently, by (@),

f(l[(),ma}) = f(l[Oa ) +f( [a,24] ) +e +f(1[(m71)a7ma])' (5)
By Lemma [2.1] one has
Fpa) = F(Naza) = - = F (Hm-1)ama)-
Therefore, by (5]), we obtain
f(loma) f( [Oa])'
This completes the proof. [

Lemma 2.3. Let f: X[0,+o0) — K be a subsymmetric linear functional. Then,
for every n, j1, jo € N such that j1 < j3,

1(1g57) =[50 ]) 10,

where L is the Lebesgue measure on [0,~+co).

Proof. Let n, ji, j» € N be such that j; < j,, Note that
J2 J1 J2
o.5]=lo5]u(G 5]

1 =1 Lijy -
0.8] = [04] T (58]
Consequently, by the linearity of f,

F(051) =/ o) 70 a4) ©

Since 1( 4] = 1[,7] 2] it follows that
2o

n

Therefore

“:\
I\)

(0 ga1) = (g 5))

Consequently, by (6), the following equality is valid

(W os)) =0 os) (1 g)
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Therefore,

(1.57) =7 0ps) 7 (post) ®

By Lemma we deduce

H(0opy) =30 (ogg) @ 70 p07) =27 (Vog))
Therefore, by (J),
F(115.47) = =0 (o) ®
By Lemma 2.2} one has
(o) =2"7(1 [0,21,1})

Therefore, by (8),

(a8) = (= 5) 7o)

and, since U ( [é—k, é—%D = é—% — 7, it follows that

(i 57) =#([ D000,

This completes the proof. ]

Theorem 2.1. Let [ : X[0,+0) — K be a subsymmetric linear continuous
functional. Then

fW=kf  xa ©)
Sor every x € X[0,+c0), where k:f(1[071]).

Proof. First, let us show that (9) holds for every x € D. Let x € D. Then x
has the form for some n € N. Taking into account the continuity and the
linearity of f, and Condition 4 imposed on the space X [0, 4c0), we can write

=2 aif (Vi 41): (10)
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By Lemma [2.3]
J—1
(115 40) =153 7 (o)
for every j € N. Consequently, by (10),

P (=
f(X)—f(l[o,l])jZla,u<_ ) (1)

Note that

o0 SEL IS

/[07+w)x(t)dt j_;aj;,L(_ o ’2”.>.
Therefore, by (1), the equality (9) holds. So, (9) holds for every x € D.
Therefore f(x) = kg(x) for every x € D, where the functional g is defined
by @) and k = f(1j9 ). By Condition 2 on X[0, o), the functional g is
continuous. By Condition 3 on X[0,+c), the set D is dense in X[0,+o0).
So, the linear continuous functionals f and kg coincide on the dense subset of
X0, 4-o0). Consequently, f(x) =kg(x) for every x € X [0, +co). This completes
the proof. ]
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amy pobomy npucesiueno 00CaiOHCeHHIO CYOCUMEMPUYHUX HENEPePEHUX
JUHIUHUX QYHKYIOHANIE HA OTUCHUX | KOMNIEKCHUX MONOIOCIYHUX 8EKIMOPHUX
npocmopax inmezposnux 3a Jlebecom gyukyitl Ha nieoci. Budineno kiac ma-
KUX Npocmopie, 5Ki 3a00801bHAIOMb NEGHUM NPUPOOHUM YMOBAM. 3pobieHo
NOBHULL ONUC CIMPYKMYPU CYOCUMEMPUUHUX HeNnepepeHUX TIHIUHUX QYHKYIOHA-
71i8, BU3HAYEHUX HA 008INbHOMY NPeOCMABHUKY Ybo2o Kaacy. A came, nokasa-
HO, WO KOJceH maxuil (hyHKYIOHA Modice Oymu noOanutl y ueisaoi inmezpana
8I0 C8020 apeymeHmy 3 MOYHICMIO 00 CMAN020 MHONCHUKA.

Knrwouoegi cnosa: niniinuil ¢pynxkyionan, cyocumempuuna Qynkyis, oana-
Xieé npocmip, inmecposHa 3a Jlebecom hyHkyis.
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