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Let U be the complex Banach space of all bounded sequences of com-
plex numbers. In this paper, we study the Fréchet subalgebra Hp5(lw) of
the Fréchet algebra of all entire functions of bounded type Hy({), gener-
ated by some fixed countable set &7 of continuous algebraically independent
complex-valued homogeneous polynomials on the space {s such that the set
P contains an infinite number of elements that sharing the same degree of
homogeneity. We investigate the form of elements of this subalgebra. Fur-
thermore, we show that every linear multiplicative functional, acting from
Hp5(ls) to C, can be uniquely identified with the sequence of its values on
the elements of &?. This sequence has at most growth of some geometric
progression. We use these results to describe the spectrum of the algebra
Hp ().

Key words: n-homogeneous polynomial, symmetric polynomial, ana-
Iytic function, spectrum of algebra.

1. Introduction
The problem of describing the spectrum of the Fréchet algebra Hj(X) of
entire functions of bounded type on a complex Banach space X is among
the central open questions in nonlinear functional analysis and remains unre-
solved in the general setting (see [1]], [27]). However, for certain subalgebras
of H,(X) the spectral description is simplified. Important examples include
subalgebras consisting of symmetric elements of Hj(X) when the space X
has a symmetric structure. For many such algebras explicit spectral descrip-
tions have been obtained (see [3]], [4]], [5], [24]), largely due to the fact that
these algebras are finitely or countably generated, meaning that their dense
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subalgebras of symmetric continuous polynomials have finite or countable
algebraic bases. In particular, the algebras of continuous polynomials on
spaces such as £,,, where p € [1,+o0), and L.,[0, 1] have algebraic bases con-
sisting of homogeneous polynomials with exactly one polynomial for each
degree of homogeneity (see [4], [6], [14]]). These types of algebras have
been studied in a broader context in [7]], [8], [15], [18]]. For algebras of sym-
metric polynomials on Cartesian powers of certain Banach spaces (see [[19],
[20], [21], [22], [23], [25], [26]) or for algebras of so-called block-symmetric
polynomials (see [2]], [9], [[10], [L1], [12], [28]) the algebraic bases may in-
clude multiple polynomials of the same degree of homogeneity. In all of the
above-mentioned cases, there is a finite number of polynomials of the same
degree of homogeneity in the algebraic bases.

In contrast to these algebras, the present work considers the algebra
generated by the family of polynomials that contains an infinite number of
n-homogeneous polynomials for every n € N. Specifically, in this paper we
investigate the Fréchet subalgebra Hj, 4 (ls) of the Fréchet algebra Hj({-),
generated by some fixed countable set

P = (P11,Pa1, P2, P31, P32, P33, ... . Py1, P2, .., Pany )

of continuous algebraically independent complex-valued k-homogeneous poly
nomials Pj; on a complex Banach space (., where j € N and k € {I,...,j},
that is, for every degree of homogeneity the set & contains an infinite num-
ber of polynomials. We investigate the form in which the elements of this
subalgebra can be represented. Furthermore, we show that every linear mul-
tiplicative functional ¢, acting from Hj, 5 ({«) to C, is completely determined
by its values on the elements of &7, that is, @ can be uniquely identified
with the sequence

& = (¢(P11)a¢(P21)7¢(P22)7"'7(P(Pn1>7(P(Pn2)>'"7(P(Pnn)7'")'

We prove that the sequence & grows no faster than some geometric progres-
sion. We also describe the spectrum of the algebra Hj, 5 (£ ).

2. Preliminaries
Let us denote by N the set of all positive integers, by Z™* the set of all
nonnegative integers and by Q" the set of all nonnegative rational numbers.

Polynomials on Banach spaces. Let X be a complex Banach space. Let
a mapping P : X — C be such that there exist n € N and some n-linear form
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Ap: X" — C such that P(x) = Ap(x,...,x) for every x € X. Then the mapping
——

P is called an n-homogeneous polyngmial.

A mapping P: X — C is said to be a polynomial of degree at most n,
where n € Z™, if it can be represented as P = Py+ P; + ... + P,, where Pj 1s
a j-homogeneous polynomial acting from X to C for every j = 1,n and Py
is a constant mapping acting from X to C.

For each polynomial P: X — C we put

1P| = sup{[P(x)| : x € X, [|x[| < 1}. (1)

It is known that a polynomial P: X — C is continuous if and only if ||P|| < eo.

Polynomials P;,P»,... that act from X to C are called algebraically
independent polynomials when the following condition is satisfied: for every
n € N and for every polynomial ¢g: C" — C if

q(Pi(x),Py(x),...,P(x)) =0

for every x € X, then ¢=0.

A polynomial P: X — C is called an algebraic combination of elements
of the set P = {P}, P,,...} if there exist n € N and a polynomial g : C" — C
such that P(x) = q(Py(x),...,Pu(x)) for every x € X.

Let A be some subalgebra of the algebra of all continuous polynomials
on X. Finite or countable subset G C A is called an algebraic basis of the
algebra A if the elements from the set G are algebraically independent and
every element of the algebra A can be represented as an algebraic combi-
nation of the elements of G. As a result of algebraic independence of the
elements of the set G this representation is unique.

Spectrum of an algebra. Let A(T) be a topological algebra of some func-
tions on a nonempty set 7 over a field C. A nontrivial continuous linear
multiplicative functional ¢ : A — C is called a character of the algebra A.
The set of all characters of the algebra A is called the spectrum of the algebra
A.ForxeT let §,: A(T) — C be defined by o,(f) = f(x), where f € A(T).
The mapping O, is called a point-evaluation functional. Note that J; is linear
and multiplicative.

The algebra H,(X). Let X be a complex Banach space. Let Hj(X) be
the Fréchet algebra of all entire functions f : X — C which are bounded on
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bounded sets endowed with the topology of uniform convergence on bounded
sets. For f € Hy(X) and r > 0 we put

I£1l-= sup |f(x)].

[Ixl|<r
The topology of Hj,(X) can be generated by an arbitrary set of norms {||- ||, :
re T}, where I is any unbounded subset of (0, +oo).

3. Main results

3.1. On the algebra Hj, 4 ({)

Let /. be a complex Banach space of all bounded sequences of complex
numbers. Let

A={(j,k) eNxN:j>k}. (2)
Let us define the mapping 7: A — N by the formula
: JjU-1
w(Gkn =2 e ®

It can be checked that the mapping 7, defined by (3), is a bijection. Conse-
quently, for every x = (x1,x2,...) € e One has sup;cyy [xi| = sup jen [Xz((jx))l;

k=T1,j
that 1s,
[x]] = sup [xz((j )l 4)
jeN
k=1,j
Let Pj; : £ — C be defined by
Pir(x) = x50 ®)

for x = (x1,x2,...) € le, where j€N, k€ {1,2,...,j} and 7 ((j,k)) is defined
by (3). For example,

Py (x) = x1,
Py (x) = x2, Py (x) = 13,
P31 (X) = X4,P32(x) :xg,P33(x) = x6

for x = (x1,x2,...) € le. Clearly, Pjx is a k-homogeneous polynomial. For
j€Nand ke {l1,2,...,j}, by (I) and (),

[Pjkll = sup [Py(x)| = sup |Xl§((j7k))\ =1, (6)

Ixl<1 Ixl<1
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and so Pj is continuous. Let
@:(Pll;P217P227P317P327P337---»Pn17Pn27---7Pnn7---)- (7)

Since the mapping 7 is injective, it follows that the elements of the sequence
are algebraically independent.

Let us denote by Py ({.) the algebra of all polynomials which are
algebraic combinations of elements of the set &7. Note that the elements of
the algebra P4 ({.) are symmetric polynomials in the following sense. For
n €N let us define (j,,k,) €A as (jn,k,) = T~ '(n), where A is defined by
and 7 is defined by (3). Let gy s,..) : feo = oo, Where s, € {1,...,ky}
for n € N, be defined by

g(sl,s27_,,) ((xl,xz, ey Xpy s ))

2Tisy 2Tisy 2Tis,
= | xjexp o , X2 €XP I s e Xp €XP . U
n

where (x1,x2,...) € lw. Let

G= {g(517527~~) 181 € {1,...,k1},S2 S {1,...,]{2},...}.

Every P € P»({-) is G-symmetric, i.e.

for every g € G and x € /o,.

Let us denote by Hj, » (/=) the Fréchet subalgebra of the Fréchet algebra
Hj(l) that consists of all entire functions of bounded type on /. such that
the terms of the Taylor series of these functions are elements of the algebra
Py (ls).

Let the set A is defined by (2). Let us denote by Q any finite subset of
A. Let

[:Q—N (8)
be an arbitrary mapping. Let
Q1) =Y k-1((j,k)- )
(Jk)eQ

Then the following theorem is true.
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Theorem 3.1. Every function f € Hy5 () can be uniquely represented in
the form

f@=w+Y Y Y aan [1 PV W), (10)

n=1 QCA [:Q—N (jk)eQ
Q| <e0 3(Q,1)=n
where x € le, 0, Q) € C, A is defined by (@), the mapping 1 is defined
by @) and »(Q,1) is defined by (9).

Proof. Let f € Hy»({w). Let 0p = f(0). Let n € N and let the polynomial f,,
be the n'” term of the Taylor series of the function f. Then, by the definition
of the algebra Hy» (), fn € P» (), that is, f, can be represented as an
algebraic combination of elements of the sequence &, defined by (7)), that
is, in the form

A=Y Y aan T 2w,

QCA QN (j.k)eQ

|| <00 3(Q1)=n
where x € leo, 0 ;) € C, the set A is defined by (2), the mapping / is defined
by [B) and »(Q,/) is defined by (9). This representation is unique, since the
elements of the sequence & are algebraically independent. This completes
the proof of the theorem. [

Let us denote by M, » the spectrum of the algebra Hj, 5 ({«). According
to Theorem every function f € H, 5 (l-) can be uniquely represented in
the form (I0). Therefore, for every character ¢ € My,

0=ty ¥ Y aan IT (oF0) .

n=1 QCA QN (ke
| Q] <0 5¢(Q,1)=n

since ¢ is continuous, linear and multiplicative, and ¢(1) = 1. Thus, we
see that every character ¢ € M, 4 is completely defined by its values on
the polynomials Pj, where j € N and k € {1,..., j}. Hence, every character
@ € M, can be uniquely identified with the sequence

(@(P11), @(P21),0(Pr2),. ., @(Pu1), @(Pu2), -, @(Pun),.-.).  (11)

*
For every linear continuous functional ¢ € (Hb gf(&o)> there exists

r € Q" such that the functional ¢ is continuous with respect to the norm
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*
|- ||, where (pr} (Eoo)> is a space of all continuous linear functionals on
the algebra Hj, 5 ({s).
*

Let us define the radius function on the space (Hb g(&)) similar to

[1, p. 53]. We define the radius function R on (pr}(foo)>* by declaring

R(@) to be the infimum of all r € Q" such that ¢ is continuous with respect
to the norm || - ||,. Thus, 0 < R(¢) < eo.

Theorem 3.2. For every character ¢ € My, there exists r € QT such that
the estimate

lp(0) < |0l

holds for every k-homogeneous polynomial Q belonging to the algebra

Proof. Let ¢ € M, » and R(¢) be the radius function of the character ¢.
Since ¢ is continuous, it follows that 0 < R(@) < . Let r > R(¢). Then,
since the norm of each nonzero continuous complex-valued homomorphism
is equal to 1, the estimate |@(Q)| < ||Q||, holds for every k-homogeneous
polynomial Q that belongs to the algebra H, 4 (X). Thus,

[@(Q)] < sup [O(x)]. (12)

Xl <r

Substituting x = ry into the right hand side of and taking into account
that Q is a k-homogeneous polynomial we obtain

sup [Q(x)| = sup [Q(ry)| = sup r|Q(y)| =r" sup [Q(y)| = r[|Ql}r-

|lxll<r lryll<r rllyll<r Iyll<t
(13)
By and (13)),
(@)l <2l
This completes the proof of the theorem. O

Corollary 3.1. For every character ¢ € My, there exists r € QT such that
the estimate |@(Py.)| < r* holds for every polynomial Py, defined by (3),
where j €N and k € {1,...,j}, that is, the sequence (1)) grows no faster
than some geometric progression.

Proof. Theorem [3.2]and the equality (6]) imply the statement of the corollary.
L]
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Theorem 3.3. The spectrum Mys of the algebra Hp5(lw) coincides with
the set of all point-evaluation functionals at points of the space {w.

Proof. Let @ € My, . Let 6, be a point-evaluation functional at some point
X € lo. Let us show that ¢ = 6, for some x € /.. As stated above, every
character @ € M, is uniquely identified by the sequence (I1). Let

X = ((P(P11)>(p(P21)7 V (P<P22)>"'7(p(Pn1)a V (P(Pn2)7"'> V (P(Pnn),..-),

(14)

n
Corollary implies there exists r € Q" such that |{/@(Pjy)| <r
for every polynomial Pj, defined by (5), where j € N and k € {1,...,j}.
Therefore, x € le. Furthermore, for all j € N and k € {1,...,j}, by (3, the
following equality holds:

where /7 = {/|z|exp (iargz> for z € C.

k
8c(Pjk) = Pj(x) :XI;((M)) = (k QD(ij)) = @(Pjx).- (15)

Then from (13)) it follows that @ = J,. H
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Hexail lo € KOMIIEKCHUM OAHAXOBUM NPOCMOPOM YCIX 0OMENCEHUX NO-
caidogHoCmell KOMNIAEKCHUX yucer. Y 0awuiti pobomi 0ocniodiceno nioanceopy
@Opewe Hyp(ls) anceopu Opewe 6cix yinux Qynkyiti 0OMedNceno2o muny
Hy,(l), nopoodiceny 0esikoio ikcosanor 3niueHHo MHOXCUHOW &P Hene-
PEPBHUX aNCeOPAiYHO He3ANeHCHUX KOMHJIEKCHOSHAYHUX OOHOPIOHUX NONIHO-
Mi8 HA KOMNJIEKCHOMY 6anaxosomy npocmopi le, makoi, ujo MHOMCUHa &
Micmumb HeCKIHYeHH) KIIbKICMb eleMeHmis, aKi Marms 0OHAKOBUL CMeNniHb
00HOpiOHOCMI. Bcmanosneno suensno enemenmis yiei nioaneeopu. Kpim moeo,
NOKA3AHO, WO KOMCHUU JIHIIHULL MYTbMUNIIKAMUGHUL QYHKYIOHAN, AKUU Oi€
3 aneeopu Hy (L) v npocmip C, modcna eounum uunom ioenmugpixysamu
3 NOCHIO0BHICMIO 020 3HAYEHb HA eeMEeHMAX MHOMCUHU &P | 008e0eHO, WO
Y1 NOCTIOOBHICIb 3POCMAE He WBUOULe, HINC 0esIKA 2eOMEMPUUHA NPOSPECIS.
L]i pesynemamu eukopucmaro 015 onucy cnexkmpy aneeopu Hy (Lo ).

Knrouoei cnosa: n-ooHopioHuti noiiHoOM, CUMempUu4HULl NOAIHOM, AHATi-
MUYHa QyHKYis, cnekmp anceopu.
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