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In The On-Line Encyclopedia of Integer Sequences (OEIS), rela-
tionships between numerical sequences are frequently cited, although
these connections mostly arise spontaneously. Often, the source of such
relationships lies in second-order, and less frequently third-order, lin-
ear recurrence sequences. This article considers numerical sequences
associated with infinite linear recurrence relations and proves a lemma
on their determinantal relation. To this end, matrices are introduced
that generalize the Hessenberg—Toeplitz matrices. These matrices are
associated with unordered partitions of a natural number into natural
summands. This general, matrix-based approach to the study of se-
quences naturally establishes a bijection between mutually conjugate
partitions of a natural number into natural summands and provides
a framework for identifying connections between sequences associated
with linear recurrence relations. The article also presents important
corollaries of the lemma and illustrates them by examining the con-
nection between the n—th term of the Pell number sequence and the
Fibonacci sequence, as well as their principal determinants.
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1. Introduction
Numerical sequences arise in various branches of mathematics and the
natural sciences, making the further development of methods for their
study essential. Often, when analyzing problems, it is possible to construct
a linear recurrence relation that connects the sequence under investigati-
on with some known finite or infinite sequence. In such cases, it is
worthwhile to study the sequences in pairs, since each complements the
other through its properties. Using this approach, determinantal relations
between sequences associated by linear recurrence relations can be di-
scovered. This leads to the appearance of new matrices [5] that generali-
ze the Hessenberg—Toeplitz matrices [1], [3], [4]. It is also noteworthy
that the determinantal relations between associated sequences are conne-
cted with the partitions of a natural number into natural summands [2].

The main result of this paper is Lemma 4.1, which establishes a
connection between sequences associated by linear recurrence relations.
This lemma provides a powerful matrix-based framework for the study
of sequences and polynomials in n variables, which were studied by
Euler. These polynomials are known as continuants [7].

2. Partitions and Their Conjugates
Let a positive integer n be expressed as the sum of r positive integers,
n=aj+ay—+...+a, This sum is called a partition of the number n,
the summands are called the parts of the partition, r is the length of the
partition, and we write the partition in the form

a=(ay,az,...,a,) Fn, (2.1)

where, by convention, a, < a,_1 < ... < apy <4aj.
If the partition (2.1) contains A; ones, A, twos, ..., A4, parts equal
to aj, then the partition can be written as

Aa
a:(lxl,z’h,...,al‘)l—n, MAMot .t Ag =7

If zero parts are allowed in the partition, then a partition of a non-
negative integer n can conveniently be represented as

n=2A+2A+...+nA,.
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Such a partition is denoted by
(1M,2% . n*) b n. (2.2)

Here, the sum A; + A, + ...+ A, equals the number of nonzero parts in
the partition.
A partition
a=(ai,a,....aq)n (2.3)

is called the conjugate of the partition (2.1) if the following equalities
hold:

agi=aja; =i} =|{j:a; =i}, i=1,2,...,a1; j=12,...,r

If the equalities @; = a; hold for all i =1,2,...,r, then the partition
(2.3) is called self-conjugate.

For example, the partition (7,5,5,2,2) - 21 is conjugate to the
partition
(5,5,3,3,3,1,1) F 21, and vice versa; while the partition (4,2,1,1) 8
is self-conjugate.

3. Generalized Hessenberg—Toeplitz Matrices
Here, we introduce new matrices that generalize Hessenberg—Toeplitz
matrices and significantly simplify the technique of working with sequences.
We consider sequences whose elements belong to a certain field K.
Let us be given two sequences:

a:acg=0,a90=—1,ay,as,as,...

and
u:uco=0,up=1,u,uy,u;z,...

associated via the linear recurrence relation
Uy = A Upy—1 +arlty—> +azuy_3+... (3.1)

We construct a square matrix of order n, denoted U,,, whose columns
are segments of length n of consecutive terms of the sequence u. Each
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column of the matrix is arranged such that the indices of its elements
increase from top to bottom, and the indices of elements in each row
decrease from left to right.

Example 3.1. An example of a matrix of order four of this type is

uqg Uy Uy U_2
Us Uy U] U_]
U U3 Uy U
uy Ugq U3 ui

U=

constructed from segments of length 4 of the sequence
u:o...,u_3,u_n,u_1,up,U1,uz,uU3,...

Matrices of this type can be uniquely defined either by the elements
of their first row, e.g., U = (ug,uy,up,u_3)4, or by the indices of the
elements on the main diagonal: U = (4,2,2,1)4.

These matrices generalize both Toeplitz and Hessenberg—Toeplitz
matrices [3], [4], since, when specified by the indices of their diagonal
n

elements, the matrix U = (5,...,5) is a Toeplitz matrix, while U =
n

H\ . . .
(1,...,1) is a Hessenberg—Toeplitz matrix.
Example 3.2. Here is a matrix of order five:

a7 a4 aj —1 0
ag as a» a; O

A5 = a9 ae az dy — 1 5
aip ay a4 a4z a4

ajp ag as as ax /s

constructed from segments of length 5 of the sequence
a:...,0,0,0,—1,a;1,az,as,...

This matrix is uniquely defined either by the top elements of its
columns, A = (a7,a4,a1,a9,a_3)s, or by the indices of its diagonal elements,
A=(7,5,3,3,2)s.
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To analyze the sequences, we will use determinants of the matri-
ces. The determinant of matrix Uy from Example 3.1 is denoted by
d,(4,3,2,1), while the determinant of matrix As from Example 3.2 is
denoted analogously by d,(7,5,3,3,2). In this notation, the symbol d
denotes the determinant function, and the subscripts # and a identify the
elements from the corresponding matrices.

Such notation is justified because we associate the matrices and
their determinants with partitions of a natural number into non-negative
integer summands.

The matrix
; Un Up—1 - U
v=@oom=| " (32)
Up—-1 Up—2 -+ Up

n

is called the nth principal matrix of the sequence u, and the determinant

is its nth principal determinant.

For the sequence a, the analogous term principal determinant is
used.

We also note that columns of matrices formed from sequence elements
will be denoted by their top elements in parentheses. For example, the
principal matrix (3.2) can be written as U = ((uy), (4y—1),-- -, (u1)).

4. Lemma on the Relation Between Numerical Sequences
Lemma 4.1. Let the sequences

a:a,ay,as,..., a<9=0, ayp=-—1

and
u:uy,uo,u3,..., uUuco=0, wug=1
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be related by the recurrence relation (3.1), and let

(p1,p2y---spr) . and (q1,q2,...,95) Fn

be mutually conjugate partitions. Then the following identity holds:

du(p1,p2;--- pr) = (=1)"du(q1, 92, -,q5),  p1=>5. (4.1)
Proof. We prove this lemma for the partition
r N

——

(p,---,P.q,-..@) Fn=pr+gqs, p>q
by induction, assuming that for all partitions

M A
(p7'~'7p7CI7"'7q)I_p'a‘l—i-Q'AZu )“lgra A‘ngy

the identity (4.1) holds. In the general case, the proof is analogous, but
due to the extensive indexing work with matrix elements, the structure
of the proof becomes obscured.

We thus consider the determinant

r N

— N
du(pw":pvq’"wq)_

Uup Up—1 Up—r+1  Ug—r Ug—r—s+1
Up+1 Uup Up—r4+2 Ug—r+1 Ug—r—s+2
= | Up+tr-1 Uptr—2 Up Ug—1 Ug—s
Up+r Uptr—1 Up+1 Ug Ug—s+1
Uptr+s—1 Uptrts—2 Up+ts Ugts—1 Ug r+s
4.2)

1. Using the recurrence relation (3.1), the first column of the determi-
nant (4.2) can be written as:

up, = [alup_l +... +ar_1up_r+1] +
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lartty—r+ .. 4 ap grr1ttg—ri1] +
[apqurruqfr + o Ay girts—1 uq—r—s-i—l} +
[ap—q+r+suq—r—s Tt ap+r+s—1”—r—s+1] (4.3)

2. Thus, by multiplying the columns of the determinant (4.2) from
the second to the rth by —ay,...,—a,_ respectively, and the columns
from (r+1) to (r+s) by —ap_gir,...,—ap_g+rrs—1 respectively, and
then adding them to the first column, we obtain a determinant that can be
decomposed into a sum of p determinants. We divide these determinants
into two groups: A and B. Group A will consist of the p — g determinants
whose first columns come from the second bracketed sum in equati-
on (4.3), and group B will consist of the g determinants whose first
columns belong to the fourth bracketed sum in that equation. Specifi-
cally:

A=a, ‘up—}’uupflw s Up—rt1,Ug—r, - - a”qfrfs+1| +.o+
tap—gir-1 ‘”q—r-i-l yUp—1s- - s Up—r+1,Ug—rs -+ - s Ug—r—s+1]5
B=ap girs |Mq—r—Sa Up—1s. s Up—r+1,Ug—ry- - s Ug—r—s+1 ’ +.oo+
Faptris—1 |M7rfs+l yUp—1,-- s Up—r+ 1, Ug—rs - - s Ug—r—s+1 ‘ .

3. In each of the determinants that appear in the sums for groups A
and B, we rearrange the columns so that the indices of the first row are
sorted in decreasing order from left to right.

Since p —r > g —r, the first column in each determinant from group
A must be moved to the left of column (r+ 1). This requires (r— 1)
column swaps. Thus,

A= (_1)}’71 (ar ‘up—lw--a“p—r—l—laupfr;uqfr,---vuq—r—s—H ‘ +...+

+ap—g+r—1 ‘Mpfla sy Up—rt L Ug—r+15Ug—rs - - s Ug—r—s+1 })

To reorder all columns in the determinants from group B, the first
column in each of them must be moved to the last position. Since each
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determinant in group B has order (r+s), this requires (r+s— 1) column
swaps. Therefore,

B= (_1>r+s71 (ap*q+r+s |up—1 yor oy Up—r+1sUg—rs o s Ug—r—s+1, uqfrfs‘ +...

Taptris—1 ‘”p—l yee s Up—r+ 1 Ug—ry e ooy Ug—r—s+ 1, U—r—s4+1 D .

4. We now express the determinants appearing in both sums in
terms of partitions:

A= (1" (ad((p—1),¢") + ... +ap_grr1du((p—1)"", ¢ "))

B= (1) apgirnsdu(p— 1 (g = 1)) 4t

ap+r+s71du((p - 1)r—1’(q_ l)svo))

5. Applying induction, we replace the determinants d,, with d, by
finding the corresponding conjugate partitions:

A=(—1)"! ((—1)("_1)r+qs_(p_l)arda((r+s)",rp_"_l) T
(=) DDt (- 5), (r— 1)17%171))
= (=1)"Pad,((r+s),rP ) .
(=1 gorda((r+5)7, (r=1)P 717,
B (- 1) () g d ()
(r—1)P )+ ...+ (—1)(1”1)(”1)+(‘1’1)“’(P’1)ap+r+s_lda((r+s — 1),
(r=1)"1) = (=1)"apss g pda((r + )7, (r= P+ +
+(=1)" i prda((r+s— D)7 (r—1)P79).

Therefore,
A+B=(—1)""[a,d((r+s)0,r" 4 )+ ...+

P gy 1da(r ) G 1P )
+(—l)p’qaﬂrs_(q_p)da((r%—s)qfl, (r—1)P" ) +.. .+
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D arpsporda((rHs =D)L (r=1DPTD]L (44

6. Let us write the expression
(=1)"Pda((r+s)7,r77)

in matrix form:

Ares 0 Arys—(g-1) dr—q = Ar—(p-1)
(=1)"" Arts+q—1 Ar+s ar—1 o Qr—(p—gq) (4.5)
Arts+q T Arts+1 ar o Gy (p—g—1)
ar—&-s—l—p—l N ai"%S*(q*p) ar+p_q_1 N a,

It is not difficult to observe that the expression in square brackets
on the right-hand side of equation (4.4) is the expansion of the determi-
nant (4.5) along the elements of the last row. Note that since the matrix
of this determinant has order p, the sign of the cofactor of the element
dris4p—1 from the pth row and first column is (—1)P~!; the sign of the
cofactor of @, ;_(,_,) from the pth row and gth column is (—1)P~; the
sign of the cofactor of a,,,_,—1 from the pth row and (g + 1)th column
is (—1)P~4~1; the sign of the cofactor of a, is positive.

Thus, the following identity holds:

r s a p—q
du(Dy- DGy, q) = (—1)"Pd,((r+s),...,(r+s),7,...,7).

Finally, we note that in the proof of the lemma, we used only
operations within the field K, so the lemma holds for arbitrary elements
of this field. L

Consequence 4.1. If the sequences u and a satisfy the conditions of
the lemma, then for their principal determinants the following identity

holds:
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The validity of this corollary follows from Lemma 4.1 and the fact
n
that the partition 7,...,7 F n? is self-conjugate.

Consequence 4.2. Let (nt n), then the conjugate partition is

1" =@1,.. Dkn,

and identity (4.1) takes the form of expressing the nth term of the
sequence u via the Hessenberg—Toeplitz matrix of order n:

aj -1 -~ 0 0
ar a - 0 0
Up = : : R (4.6)
ap—1 ap— -+ a —1
ap ap—1 -+ 4dz 4

Example 4.1. Let a, = F,, n=1,2,3,... be the Fibonacci numbers:
ag=1l,apy=1,a3=2,a4=3,a5=5,a6 =8,a7 =13,a3 =21,...,

where we assume ayg = —1.
We generate the first few terms of the sequence u using the recurrence
relation (3.1):

ur=1, w=2, wuz=5, wus=12, us=29, usg=70, u;=169,...

We assume ug = 1. Thus, we obtain the Pell sequence, whose nth term
we denote by P,.

As a consequence of Corollaries 4.1 and 4.2, we obtain two equali-
ties that hold for any positive integer n. The first equality is:

Pn Pl’lfl . Pl Fl’l Fl’lfl e Fl
Pznfl P2n—2 e Pl’l n anfl FZH*Z e Fn ;
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This identity demonstrates the deep relationship between the Pell
numbers and the Fibonacci numbers.

The second corollary provides a determinantal expression for the
nth term of the Pell sequence in terms of the Fibonacci numbers:

a2 -1 -~ 0 O

P Fr - 0 0
Pp=| : U

Foy Fypn -+ F1 —1

Fn Py o B2 P

The author has not found in the scientific literature any determi-
nantal identity linking the Fibonacci and Pell sequences. It is worth noti-
ng that, using Lemma 4.1, one can construct arbitrarily many analogous
determinantal relations between sequences associated via linear recurrence
relations.
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Y The On-Line Encyclopedia of Integer Sequences (OEIS) ua-
CMO YUMynomsCa 36 S13KU MIdHC YUCTOBUMU NOCAIO08HOCMAMU, OOHAK Yi
38 "A3KU 30€0ibU020 BUHUKAIOMb CNOHMAaHHO. dacmo ddxcepenom makux
38 'A13KI8 € NIHIUHI peKypeHmMHI NOCAi008HOCII OpY202o I piouie mpemuvo-
20 nopaokie. Y oauiti cmammi po3210aomvcsi acoyii08ani HeCKIiHYeH-
HUM JIHIUHUM DEeKYPEeHMHUM CNi8BIOHOWEHHAM YUCT08I NOCTIO08HOCHII
ma 008e0eHO ieMy npo ix OemepMiHaHmMHUL 38 'A30K. 3 Yi€ro Memoro 860-
osamucs mampuyi, aKi y3azanvhiooms mampuyi eccenbepea-Tenniya.
Li mampuyi mu no’sa3yemo i3 HeynopsAaOKO8AHUMU POZOUMMAMU HATNY-
PAanbHO20 yucia Ha Hamypanvhi 0ooauku. Lleil 3aeanvHuul, MampuyHu
nioxXio 00 00CHIONHCEHHS NOCIIO0BHOCHEN, NPUPOOHO BCMAHOBIIOE Oic-
KYII0 MIdHC 83AEMHO CRPSICEHUMU DO3OUMMAMU HAMYPAILHO20 YUCIA
Ha HamypaivHi 000aHKU ma 0aec anapam Oisi 6CMAHOBIEHHS 38 A3KIG
MidHC acoyiio8anuMu NiHIUHUM PEKYDeHMHUM CNi68IOHOWEHHAM NOCITi-
oosHocmaAMU. YV cmammi makoic HageoeHo 8aXCiusi HACIiOKU J1emMu ma
NPOINIOCMPOBAHO IX HA NPUKIADL 38 SI3KY N—MO20 YJleHa NOCIIO08HOCHII
yucen Ilennsa i3 nocniooguicmro uucen ibonauu.

Knirouosi cnosa: pexypenmui cniegionouienus, mampuyi, oemepmi-
HaHmu, nOCcai008HOCMHII.
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