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By L we denote the class of positive continuous on R := [0, +o0)
Sfunctions 1(t) such that 1(t) T 4o (t — +o0), and by W we denote the
class of functions w € Ly such that [;*x2w(x)dx < +oo. The article
deals with the functional series of the form F(x) = ¥, 4arf(xA),
where A = (A) is some sequence of non-negative numbers, ap > 0
(k>0), and f is a positive increasing to +oo function on |0;+co) with
f(0)=1 and lnf( ) is a convex function on the same interval. Let us

denote F,(x) = Y, axe” () £ (xA),
vo(t) =v{u>0: Inf(u) <1}, v(G)=Y, "™

for every bounded set G € R, where w € L. The main result of the
paper is the following statement: If there exists a function w € L such
that a,e” ™) f(A,x) — 0 for every x >0, Invy € ¥, then there exists a
set E C Ry of finite Lebesque measure such that the asymptotic relation
Inp(x,F)=(14o0(1))Inu(x,F,) holds as x — +eo outside the set E,
where u(x,F) = max{arf(xA): k > 0}.

Key words: functional series, exceptional set, stability of a maxi-
mal term.

1. Introduction

Let .7 (f,A) be the class of positive convergent for all x > 0 the functi-
onal series of the form

o0
x) = Y af (ko) (M
k=0
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and .7 (fo,A) be the class of positive convergent for all x > 0 the functi-
onal series of the form

~+o0
F(x) =Y arfolx+A) (2)
=0

such that a; > 0 (k € Z); here A = (4;) is some sequence of the non-
negative numbers A, > 0 (k > 0), such that A; # A; for all k # j; f
and fy are some positive functions such that the functions In f(x) and
In f(x) are convex functions on [0, 4o0). In the case f(x) = ¢*, we obtain
a Dirichlet series of the form

+o0
Fi(x) =Y ae™, 3)
k=0

that converges for all x > 0, and we will write F; € 2(A) = Z(f,A)
with f(x) = €*.

Let L be a class of positive continuous on R := [0, 4-c0) the functi-
ons /(z) such that [(t) — +oo (t — +0). By L, we denote the subclass
of L such that /() 1 4o0 as x — +oo, and by # the class of functions
w € L such that

+oo
/x_zw(x)dx < oo,
1

For a series F € . (f,A) and any sequence (b,), b, € Ry \ {0}
(n > 0) we consider

Bt (x) = JFZOO anbnf(xAy), B (x)= Jio anb, L (xAy).

Proposition 1.1. If a sequence {b,: n >0} C Ry \ {0} satisfies condi-

tion
b— Tm max{Iln b,, —In b, }

e Inf(h)
then F € /(f,A) <= BT € S (f,A) <= B~ € Z(f,\).

“)
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Proof. From condition (4)
max{Iln b,, —Inb,} <b,Inf(A,) (n>1) (5)

for some b, < 4. If F € 7 (f,A), then by the convexity of the function
In f(x) we get

In f(2xA,) — In f(xA,) S In f(xA,) - Inf(A,)

xA, - XA, T A ©)
for all x > 1. Hence, for arbitrary fixed b, < +oo one has
bilnf(A,) +1n f(xA,) <Inf(2xA,;) (x> by). (7)

Therefore, combining (5) and (7) we deduce
bnanf(xAn) < anf(2xA,) (x> by).

So, F € (f,A) = BT € (f,A).
Let us prove the reverse implication BT € . (f,A) = F € .7 (f, ).
Using inequalities (3)) and (7)), we obtain

anf(xAy) < bpayexp{ln f(xA,) + b.In f(A,)} < bpanf(2xA,) (x> by),

hence, again by condition (3), we have BT € ./ (f,A) = F € ./ (f,A).
From the proved implications, we easily obtain that
BT € S(f,A) < B~ € Z(f,A).
[

By .7.(f,A) we denote the class of formal series of form (I]) such
that a, f(xA,) — 0 (n — +o0) for every x € R4, i.e., for every x € Ry
there exists the maximal term

w(x, F) = max{|a,|f(xA;): n > 0} < +eoo.

We also write Z.(A) = % (f,A) with f(x) = €*. Clearly, .7 (f,A) C
Zi(f A).
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Proposition 1.2. If F € .7, (f,A) and the condition

—1
hi= lim —" @®)
n—+oo Inn
or the condition
t(A) = Tim e 9)
P st n f(A)

holds, then F € ./ (f,A).

Proof. 1t is sufficient to prove the convergence of a series for all
enough large x. At first, we assume that condition (9) is satisfied. From
the conditions F € .%(f,A) and (9) it follows that for given x the
inequalities a, f (2xA,) < 1 and Inn < tln f(A,) with some 7 € (77(A,+o0))
hold for all n > ng. Therefore, for x > 27 inequality (6) implies

anf(xAn) = anf (2xA,) exp{—(In f(2xA,) —In f(xA,))} <
<exp{—Inf(xA,)} <exp{—xInf(A,)} <exp{—2Inn}.
So, series is convergent for all x > 27.

Assume that condition is satisfied. Similarly to inequality (6])
we have

In f(KxA,) —In f(xA,) S In f(xA,)
(K —1)xA, 7
so Inf(KxA,) > Kln f(xA,). From the conditions F € .%,(f,A) and
inequality (6)) it follows again that for given x

K>1,

Ina, +xIn f(A,) — —oo  (n— +o0).

Since, by condition (), Ina, < —h, -Inn for arbitrary h, € (1,h) and for
enough large n > ngy, we obtain

1 1
Ina, +1In f(xA,) < (1— E)lnan <—(1- ?) -hy - Inn.

Let us now choose K > 1 so that a; := (1 — %) -h« > 1. Then

oo troo
Z anf(xAn) < Z < o0,

n=ng n=ny

that is F € .7 (f,A). O
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2. Main result.
We call that a series of the form (1)) (maximal tem of the series) is stable
if the relations

Inp(x,F) = (1+o0(1)Inp(x,B") = (1+o(1))Inp(x,B)  (10)

hold as x — +oo outside some set E C [0,+o0) of the finite Lebesgue
measure, i.e. measE := [pdx < oo
For a function w € L let us denote

—+oo
By,(x)=Y ane” M) £ (xDy).
n=0

From Theorem 2 and Theorem 3 ([4]]), proved for entire multiple
Dirichlet series, it follows the following statement.

Theorem A ([4], Theorem 2). Letw € L, B,, € D,(A) and condition

~+oo
/ 12 Invy(t)dt < 400 (11)
0

t
is satisfied, where vo(1) = [ ¢"®dn(x), n(x) = Y A, <x 1. Then relation
0

Ing(x,F) = (1+0(1))Inp(x, By) (12)

holds as x — +oo outside some set E C [0;+c0), measE < +-oo.
Theorem A implies the following corollary.

Corollary 2.1. Let F € 2,(A). If there exists a function w € L such that
F, € Z2.(A),InveW (here v(t) =Y < ")) and

e ) L b, <) (n> k), (13)
then there exists a set E C R of finite Lebesque measure such that
Inp(x,F)=(1+o(1))Inu(x,B1) = (1+o(1))Inu(x,B-)  (14)

asx — 4o (x ¢ E).
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Other versions of these statements were proved earlier in paper [2]]
by O.B. Skaskiv and O.M. Trakalo.
Let us denote

vo(t) =v{u>0: Inf(u) <t}, v(G)= ZlneG oW (An)

for every bounded set G € Ry. In this note, we will first prove the
following theorem.

Theorem 2.1. Let F € .%.(f,A). If there exists a function w € Ly such
that B,, € %, (f,\), Invy € # and inequalities are valid, then there
exists a set E C R of finite Lebesque measure such that relation (14]
holds as x — +oo (x ¢ E).

We need the following statement from [3, Corollary 1]. We consider
the class .# (v, f) of functions F: Ry — R, represented by integrals of
the form

F) = [ g aovid),
where v is a locally finite measure on R, g is positive V-measurable
function, f is positive increasing to +oo in [0;+o0) function such that
f(0) =1 and Inf(x) is a convex on the interval [0;+oco) function.

Lemma 2.1 ( [3]]). If condition holds with vo(t) = v ({u>0: Inf(u) <
t}), then for every function F € (v, f) there exists a set E of finite
Lebesgue measure such that the asymptotic relation

InF(x) < (1+o0(1))Inp(x,F) (15)

holds as x — +oo (x ¢ E), where u(x,F) = sup{g(t)f(tx): x € suppv}
and supp V is the support of the measure v.

Proof of Theorem 2.1, Note that relation (13]) will follow from the fact
that

Inp(x,F)=(1+0(1))Inu(x,By) (16)

as x — +oo outside of some set E of finite Lebesgue measure. Let us
prove relation ([16).

ISSN 2304-7399. IMpuxapnarcekuii Bicauk HTI. Yucno. — 2025. — No 20(76)



MATEMATHKA TA MEXAHIKA 21

Let a(t),b(t) be measurable nonnegative functions on R such that
a(Ay) = an, b(A,) = ™) and

p(x, F)=sup{a(r)f(ex): t € Ry}, pu(x,Byy) = sup{a(t)b(e) f(1x) : 1t € Ry}

It is enough to take that a(¢) =0 fort ¢ {A,: n€ Z }.
Then for all x € R we get

e FY < e B) <Bu()= Y bl f(5ha) = [ ale)f)v(ar), (17)
n=0

Ry

where measure V is such that v(G) = Y7 b(1,) 8, (G) for each bounded
set GCR, and 0, (G)=1for A € G and 9, (G) =0 for A £ G.

From condition Invy € # we immediately get that condition (11])
of Lemma [2.1| is satisfied. Applying Lemma to the integral in (17)),
as x — +oo (x ¢ E), (here a set E is such as in Lemma we obtain

Inf(x, F) < Inp(x,By) < (1+0(1)) In . (x),

where 1. (x) = max{a(t)f(xt): t € Ry}. As for the choice of function
a(t) we get Wy (x) = u(x,F) and deduce relation (L6]). O

3. Conjectures.
1. A statement similar to Lemma [2.1]1s true for integrals of the form

~+o0

F) = [ g)ftx+0vidn)

0

(see, for example, the proof of Theorem 2 in [J5]].)
2. A statement similar to Theorem [2.1] is true for series of form (2)).
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PO CTIMKICTh MAKCUMAJIBHOI'O YIEHA
®YHKIIOHAJBHOI'O PAY 3A CUCTEMOIO ®YHKIIN

A.10. BogHapuyk, O.B. CkackiB

JIveiecokuii nayionanvuuil yHigepcumem imeni leana @panka;
79000, eéyn. Yuisepcumemcoka, 1, Jlvsis, Yrpaina,
e-mail: Sandriyllll(@gmail.com, olskask(@gmail.com

Yepes L noznauumo knac 0ooamuux nenepepenux na Ry := [0, 4o0)
Gynxyiti 1(t) maxux, wo 1(t) T +oo (t — +o0), a uepez W — knac gyn-
xkyiii w € Ly maxux, wo [;"x>w(x)dx < 4oo. Posensdaiomocs yu-

—+o0
kyionanvhi paou euenaoy F(x) = Y apf(xAy), oe A = (A&) — nocrioos-
k=0

Hicme Heeid ‘emnux uucen, ay > 0 (k> 0), f — dooamna Qyuryis, wo
3pocmae 00 +o Ha [0;4o0) i f(0) =1, a ¢yuryis In f(x) — onykna na
inmepeani [0;+o0). ITosnawumo F,(x) = ¥, 75 age M) £ (xAy),

vo(t)=v{u>0: Inf(u) <t}, v(G)= ZlneGewuﬂ)
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0718 KodcHOI obmedcenoi muoxcunu G € Ry, oe w € L. Ocnognum pe-
3VILMAMOM CIAmMmi € maxKe meepoONCeHHsL: AKWO ICHye maka QyHKyis
wée Ly, wo anew(’l")f(lnx) — 0 ona xkoxcnozo x > 0, Invyg € #', mo
icnye muoocuna E C Ry ckinuennoi mipu Jlebeza maka, wo acumnmo-
muune cniggionowenns Inu(x, F) = (1+o0(1))Inu(x,F,) suxonyemocs
npu x — oo 306mi muoocunu E, oe p(x,F) = max{ayf(xA): k > 0}.

Knwuosi cnosa: ¢ynkyionanvii psiou, 6UHAMKO8A MHOJMCUHA, CITi-
KICMb MAKCUMATbHO20 YJIeHd.
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