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This paper explores certain properties of the par and par™ func-
tions of Toeplitz matrices. These functions are studied in tandem due
to their many shared properties. Since the combinatorial foundation
of these functions lies in ordered partitions of a natural number into
non-negative integers, it becomes possible to represent them as parti-
tion polynomials and to construct recursive algorithms for their com-
putation. In addition to a brief introduction to these functions, the
paper presents a recurrence relation for computing the par-functions
of Toeplitz matrices, which enables the unification of a broad class of
linear recurrence relations. As linear recurrence relations are often re-
lated to partition polynomials, the representation of these functions as
partition polynomials is also studied. The article includes an example
that utilizes the fact that the multilinear polynomials of par™ and par-
functions of square matrices contain 2" terms, with the par-function
comprising half positive and half negative terms. Two combinatorial
identities are derived using a Toeplitz matrix whose entries are all
equal to one.

Key words: par-functions, Toeplitz matrices, partition polynomi-
als.

1. Introduction
Recurrence relations permeate various branches of mathematics and provi-
de efficient polynomial algorithms for computing mathematical objects.
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For the determinant and permanent functions of square matrices, general
recurrence relations have not yet been constructed. Moreover, no poly-
nomial-time algorithm has been developed for computing the permanent
of a square matrix. A general representation of these functions in terms
of partition polynomials is also unknown. In [1], a function of square
matrices was introduced whose structure allows it to be computed using
linear recurrence relations. This makes it possible to describe a broad
class of linear recurrence relations using par-functions.

We provide a brief introduction to the par-function of a square
matrix [1]. This function is constructed to satisfy two classical conditi-
ons, which are also fulfilled by the determinant:

1) Every entry of the matrix influences the value of the par-function;

2) Half of the terms in the multilinear polynomial of the par-
function have a positive sign, and the other half have a negative sign.

Let
apl aip - A
a; daz -+ A
Ap = . . . (1-1)
anl A4n2 " dpn

be a square matrix with entries from an arbitrary field K.

Let (nj,ny,...,n,) = n be an r-partition belonging to the set of
all ordered partitions C(n,+) of a natural number n into non-negative
integers. We define a bijection between the elements of C(n,+) and a
subset CS,, C S,, where S, is the set of all permutations of the first n
natural numbers, via the following algorithm:

(ny,no,...,n,) Fn+—
(n,m—1,....Lini+ny,n+nm—1,...om+1;..;n1+...+n,, (1.2)
m+...+n—1,...on+...+n_1+1),.

We note that the set CS,, is defined by the right-hand side of the
bijection (1.2).

The par-function and the par™-function of matrix (1.1) were introdu-
ced in [1], where an analogy with determinants and permanents of square
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matrices is maintained. These functions are defined by the following
formulas:

par(A,) = Z Z (=D)" "ay,azi, - - - aniy; (1.3)

n
r:1 (l] 7i2’~~~7in)r€CSn

n
par™(A,) = Z Z a1, A2y * * * Ani, - (1.4)

r=1 (il,iz,...,in)rECSn
It is shown in [1, Theorem 1.1] that the par-function (1.3) satisfies
the recurrence relation:

n i—1

par(An) = Z H(_1)i_lan—j7n—i+j+1par(An—i)a (1.5)
i=1j=0
where par(Ao) = 1 and par(A<y) =0.
A recurrence relation for the par™-function (1.4) can be derived
using the following theorem:

Theorem 1.1. /1] Let

ar —daj2 ais T aln—1 ain
as ayp  —a; - ayp-| az,
!
A, =
ap—-1,1 Ap—-12 ap-13 - Ap-1n-1 —Apn-1n
anl an2 an3 T ann—1 Unn
and
ar an a3 T aln—1 ain
ani an ans T azn—1 ax
An — . .
ap—1,1 4n-12 Aap—-13 - Ap-1n—1 Adpn—1pn
anl an2 an3 T ann—1 Unn

Then the following identity holds:

/

par(A,) = par’ (A,).
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This gives the recurrence:

n i—1
par+ (An) = Z H an—j,n—i—}—j—}—lpar+ (Anfi)a (16)
i=1j=0

where part(Ag) = 1 and par™(A-y) = 0.

2. Recurrence Relations for the par-Functions of Toeplitz Matri-
ces
First, we note that for functions of Toeplitz matrices that are not Hessenberg
matrices, no general recurrence relations have yet been constructed for
their evaluation. The author is also unaware of any representations of
these functions as partition polynomials.
We consider a Toeplitz matrix [2]:

o 1 —n
n Io - Ip
T, = ) ) . (2.1)
In—1 In—2 Io

with entries from some field.

Proposition 2.1. For the matrix (2.1), the following recurrence relations

hold: o
par(Ty) = Y [T (1) tiajorpar(T) =
i=1;=0
topar(T,—1) — tit_1par(T,—2) + tatot _ppar(T,—3)—
t3tit_yt_zpar(T,_4) + tatrtotrtspar(T,_s)— (2.2)

tstatit_1t_3t_spar(T,_¢) +tetatatot ot _st_gpar(T,_7) — ...,

where par(Ty) = 1 and par(T-o) =0;

n i—1

par™(T,) = Z Hti,zj,lpar+(Tn_i) =
i=1;j=0
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topar ™ (T,,_1) +t1t_ypar™ (T, o) +tatot_opar’ (T,_3)+
tstit_it_zpart (T,_4) + tatatotatapar” (T,_s5)+ (2.3)
tstatyt_1t_3t_spar’ (T,,_¢) +tetatatot ot _4t_gpar' (Tp,_7) — ...,
where part (Ty) = 1 and par™ (T-o) = 0.
Proof. Let us assume in matrix (1.1) that a;; =;_; for i, j =1,2,...,n.

Then the matrix has the structure of a Toeplitz matrix as in (2.1). Substi-
tuting a;; = #; ; into the recurrence relation (1.5), we obtain the relation:

n i—1
par(Tn) = Z H(—l)l_lti,zj,lpar(Tn_i).
i=1j=0

The product H;;})(—l)i_lti_z j—1 for even i becomes:

— (1) (t3t-3) -+ (tim1t_ 1)),

while for odd i it consists of an odd number of terms:

to(t21—2) (tat—4) -+ (tim1t_ (1)),

which proves the identity (2.2). Identity (2.3) is proved similarly, omi-
tting the signs (—1)"1. O

3. Partition Polynomials of par-Functions for the Toeplitz Matrix
In [1], a connection was established between the determinant of a Hessenberg
matrix [3] and the par-function of a square matrix. However, for the
determinants and permanents of Hessenberg matrices, there are known
representations in terms of partition polynomials.

If
hy 1 0 0
hy h 1 0
H = )
hn1 hy—2 hy3 1
hn hn—1 - hy
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then the determinant and permanent of this matrix have the following
partition polynomial representations:

det(H) = Z (= 1y (bt ) (A4 +'7LZ4Y—. . .+')Ln)h%l h%z s
M2+ And=n M- A,
M+2+...+A)

per(H) = h?l h%z co i

MA220+.Andy=n Mol 2!
For the par-functions of Toeplitz matrices, we have the equalities
hi=t,_1t; 3---t3_it1—;, 1=1,2,...,n,
hi=ci-1¢i-3--Cp_(i-3)Cpn—(i-1), 1=1,2,...,m,

therefore, the following statement holds

Proposition 3.1. For the par and par™-functions of the Toeplitz matrix
(2.1), the following partition polynomial representations are valid:

(_1)n7(ll+lz+...+ln) (2’1 + 2’2 +...t A”’l) %

par(Th) = PRV N

},1 +212+...+nl,,:n
n
A;
XH(ti_lti_3"‘t3—itl—i) :
i=1

Analogously, for the par™-function, we have:

M+AL+.  +A) & )
par™(T,) = Z (1 + 4> )H(l‘i—lti—S"‘tSfitlf»ll

| ... |
M A+22+. . A ndy=n M2l 2! i=1

The last two expressions can be rewritten in a more convenient
form for practical applications, taking into account that

n

[1Gi-tiz- i) =

i=1

{t§1+l3+-.-+7tn_1 (tlt_l)kg+l4+...+ln (tzt_2)13+l5+...+ln_1 ..., ifnis even,

t§1+ls+...+7tn (tlt_])lz+k4+...+ln,1 (tzt_z)l3+15+...+7tn e ifnis odd.

ISSN 2304-7399. Ilpukapnarcbkuii Bicauk HTLL. Yucmo. — 2025. — Ne 20(76)



100 MATEMATHKA TA MEXAHIKA

Example 3.1. Let all entries of the matrix (2.1) be equal to one. Then
the value of the par-function of this Toeplitz matrix can be computed
using the recurrence:

par(T,) = par(Ty_) — par(Tp—s) + par(Tp—3) — ...+ (= 1) par(Ty),

with initial conditions par(T<y) = 0 and par(Ty) = 1. By induction, we
have par(T;) =0 for i > 1.

Thus, the corresponding partition polynomial identity for the par-
function of this specific matrix is:

(—1yr=(+hatoth) Atdot A M) aqie . (g,
MA220+..Andp=n Ml Ay

For the par*-function of this unit Toeplitz matrix, the recurrence
relation is: par™ (T,) = par™ (T,—1) + par™ (T,—2) + par™ (T,_3) + ...+
par™(Ty), where part(T-o) = 0 and part(Ty) = 1. It is clear that
par®(T,) = 2"~ Therefore, we obtain the identity:

(ll—l—)uz—{-...—{—),n)

A1 A A An—1
Al 4! PP =27

M+22+...+nA,=n

The first identity in this example confirms that the multilinear
polynomial of the par-function of a square matrix (1.1) contains equal
numbers of positive and negative terms. The second confirms that the
multilinear polynomials of both functions consist of 2"~ terms.
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YV cmammi docnidscyromocsa Oeski énacmusocmi par ma par -
Gyuxyitt mampuys Tenniya. L]i ¢pynxyii’ 0ocrniodcyromocs y napi, 60 ma-
roms bazamo cninvHux enacmusocmetl. OCKiibKyu KOMOIHAMOPHOIO OCHO-
8010 Yux PYHKYIll € 6NOPAOKOBAHT POZOUMMIA HAMYPALLHO2O YUCAA HA
Yini Hesi0 '€MHI O00AHKU, MO CMALO MONCIUBUM IX NOOAHHA Y 8UNAO]
MHO20UIeHi8 po3oummis ma Oy0yeamu peKypCueHi aneopummu ix ooyu-
clleHb. Y cmammi, KpiM KOpOmKo20 O3HAUOMAEHHA 3 YuMU QyHKYiamu,
0y0yemuvcs peKypeHmue Chie8iOHOUeHHST 0l 00YUCTenHs par-QyHKYil
mampuys Tenniya, axe 0o368015€ 06 conamu 8eNUKULL KAAC TIHIUHUX pe-
KYypeHmHux cniggionoueHv. OCKinbKU NIHIlHI peKypeHmMHI CRiBIOHOUIEH-
HSL YACMO NO8 A3AHI I3 MHO2OUIeHAMU PO3OUMMIE, MO Y CIMAmmi maKoic
00CIIOHCYEMBCA NOOAHHS YUX PYHKYIU Y BUSTIA0T MHO2OUNEHI8 po3oum-
mis. Y cmammi makooic HageodeHo NpuKiao, y IKOMY GUKOPUCIOBYEMbCS
moti haxm, wo nonininitini noninomu part ma par-ynxyiti keadpammux
mampuyb micmame 2"\ doodanxis, a par-pynxyis micmumo nonosumy
000amHUX i NONOBUHY 610 EMHUX 000AHKIB. /[ 8usedeHHs 080X KOMOI-
HamopHux pigHocmet suxopucmano mampuyto Tenniya, 6ci eremenmu
SAKOI' € 0OUHUYSMU.

Kntouoei cnosa: par-gynxyii, mampuyi Tenniya, mrocounrenu pos-
oummis.
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