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We investigate properties of entire solutions of the Cauchy problem for
one-dimensional homogeneous hyperbolic equation. Considering analytic
continuation of the solutions given by the D’Alambert formula we have found
some conditions providing L-index boundedness in the direction for some
functions related with the solutions. In particular, for homogomogeneous
wave equation c2 ∂ 2

∂x2 u(x, t) = ∂ 2

∂ t2 u(x, t) with initial conditions u(x,0) = ϕ(x),
ut(x,0) = ψ(x) its solution has the form

u(x, t) = ϕ(x+ct)+ϕ(x−ct)
2 + 1

2c

x+ct∫
x−ct

ψ(α)dα.

We study the functions H(x, t) = ϕ(x+ct)+ϕ(x−ct)
2 + E

2c

x+ct∫
x−ct

ψ(α)dα, where

x, t, c∈C, E is a positive constant which is determined with some conditions
by the functions ϕ and ψ . Our main result gives sufficient conditions of
boundedness of L-index in a direction b for the functions H. Its proof
uses known sufficent conditions for the sum of entire functions. At the
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end, we pose open problems concerning conditions of the directional L-
index boundedness for analytic solutions of the Cauchy problem of the heat
equation. The conditions will allow a qualitative description of local and
asymptotic behavior of the parabolic equation analytic solutions presenting
the temperature distribution in the process of plasma electrolytic oxidation.

Key words: analytic solution, Cauchy problem, one-dimensional hy-
perbolic equation, sum of functions, bounded L-index in a direction, wave
equation, heat equation, PEO.

1. Introduction
In the last years, there were published many papers on analytic solutions of
partial and directional differential equations, and their properties such as local
behavior of maximum modulus on the disc, polydics, ball, some uniform
distribution of zeros, partial and directional logarithmic derivatives outside
some exceptional sets, grotwth estimates, etc. These properties are justified
by methods of theory of functions having bounded index. These investigati-
ons deal general solutions of the equations. But for many partial differential
equations it is very difficult to study the asymptotic and local behavior of
solutions (see below example from Goldberg [2]) bacuse they have a suffici-
ently general structure.

It is known that every entire or meromorphic solution of an ordinary
algebraic differential equation in the complex plane has finite order of growth.
This does not hold for algebraic partial differential equations. A. Golberg
presented such an example [2]

z1
∂w
∂ z1

− z2
∂w
∂x2

= 0.

It is satisfied by the function w = f (z1z2), where f (u) is an arbitrary entire
function of single complex variable.

Therefore, it generates the necessity to study partial entire solutions of
these equations using natural formulations of problems for them.

The paper initiates a series of papers devoted index boundedness of
entire solutions for the Cauchy and the boundary problems in the case of
the second order partial differential equations. At the end, we pose open
problems concerning conditions of the directional L-index boundedness for
holomorphic solutions of the Cauchy problem of the heat equation. The condi-
tions will allow a qualitative description of local and asymptotic behavior of
the heat equation holomorphic solutions presenting the temperature distributi-
on in the process of plasma electrolytic oxidation.
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2. Main definitions
An entire function F(z), z ∈ Cn, is called (see [9]) a function of bounded L-
index in a direction b ∈ Cn \{0}, if there exists m0 ∈ Z+ such that for every
m ∈ Z+ and every z ∈ Cn

1
m!Lm(z)

∣∣∣∣∂ mF(z)
∂bm

∣∣∣∣≤ max
{

1
k!Lk(z)

∣∣∣∣∂ kF(z)
∂bk

∣∣∣∣ : 0 ≤ k ≤ m0

}
, (1)

where ∂ 0F(z)
∂b0 :=F(z), ∂F(z)

∂b :=
n
∑
j=1

∂F(z)
∂ z j

b j = ⟨gradF,b⟩, ∂ kF(z)
∂bk := ∂

∂b
(

∂ k−1F(z)
∂bk−1

)
,

k ≥ 2.
The least such integer m0 = m0(b) is called the L-index in the direction

b ∈ Cn \ {0} of the entire function F(z) and is denoted by Nb(F,L) = m0. If
such m0 does not exist then F is called a function of unbounded L-index in
the direction b and we suppose that Nb(F,L) = ∞. If L(z) ≡ 1 then F(z) is
called a function of bounded index in the direction b and Nb(F) = Nb(F,1).

For η > 0, z ∈Cn, b = (b1, . . . ,bn) ∈Cn \{0} and a positive continuous
function L : Cn → R+ we define

λ
b
1 (z, t0,η) = inf

{
L(z+ tb)
L(z+ t0b)

: |t − t0| ≤
η

L(z+ t0b)

}
,

λ
b
1 (z,η) = inf{λ

b
1 (z, t0,η) : t0 ∈ C}, λ

b
1 (η) = inf{λ

b
1 (z,η) : z ∈ Cn},

λ
b
2 (z, t0,η) = sup

{
L(z+ tb)
L(z+ t0b)

: |t − t0| ≤
η

L(z+ t0b)

}
,

λ
b
2 (z,η) = sup{λ

b
2 (z, t0,η) : t0 ∈ C}, λ

b
2 (η) = sup{λ

b
2 (z,η) : z ∈ Cn}.

By Qn
b we denote the class of functions L which satisfy the condition

(∀η ≥ 0) : 0 < λ
b
1 (η)≤ λ

b
2 (η)<+∞. (2)

It is known that a product of two entire functions of bounded L-index in
direction is a function with the same class [5]. But the class of entire functions
of bounded index is not closed under addition. The example was constructed
by W. Pugh (see [11] and also [12]). Recently we generalized Pugh’s example
for entire functions of bounded L-index in direction [5].

Meanwhile, there are direct sufficient conditions of index boundedness
for a sum of two entire functions [11], and implicit sufficent conditions for
the sum by the soltuions of differential equations [13]. These results were
generalized for multivariate entire functions [9, 7], analytic functions in the
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unit ball [8], slice entire functions [4], slice analytic functions in the unit ball
[6].

We consider an arbitrary hyperplane A = {z ∈ Cn : ⟨z,c⟩ = 1}, where
⟨c,b⟩ ̸= 0. Obviously that

⋃
z0∈A{z0 + tb : t ∈ C}= Cn.

Let z0 ∈ A be a given point. If F(z0 + tb) ̸≡ 0 as a function of variable
t ∈ C then there exists t0 ∈ C such that F(z0 + t0b) ̸= 0. Thus, for every line
{z0+ tb : F(z0+ tb) ̸≡ 0} we fixed one point t0 with specified property. By B
we denote a union of those points z0 + t0b i. e. B =

⋃
z0∈A

F(z0+tb)̸≡0

{z0 + t0b}.

Theorem 2.1 ([9]). Let L ∈ Qn
b, α ∈ (0,1) and F, G be the entire in Cn

functions satisfying conditions:

1) G(z) has bounded L-index in the direction b ∈ Cn \{0}.
2) for every z = z0 + tb ∈ Cn, where z0 ∈ A, z0 + t0b ∈ B and r = |t −

t0|L(z0 + tb) the following inequality is valid

max
{
|F(z0 + t ′b)| : |t ′− t0|=

2r
L(z0 + tb)

}
≤

≤ max
{

1
k!Lk(z0 + tb)

∣∣∣∣∂ kG(z0 + tb)
∂bk

∣∣∣∣ : 0 ≤ k ≤ Nb(Gα ,Lα)

}
.

3) c := sup
z0+t0b∈B

max
{
|F(z0 + t ′b)| : |t ′− t0|=

2λ b
2 (1)

L(z0+t0b)

}
|F(z0 + t0b)|

< ∞.

If |ε| ≤ 1−α

2c then the function H(z) = G(z)+ εF(z) is of bounded L-index in
the direction b with Nb(H,L)≤Nb(Gα ,Lα), where Gα(z) =G(z/α), Lα(z) =
L(z/α).

3. Main theorem
The D’Alambert formula is the formula that describe solution of the Cauchy
problem for the one-dimensional non-homogomogeneous wave equation:

∂ 2

∂x2 u(x, t)− 1
c2

∂ 2

∂ t2 u(x, t) = f (x, t). (3)

in the domain t > 0, −∞ < x < ∞ with initial conditions

u(x,0) = ϕ(x), ut(x,0) = ψ(x). (4)
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The formula has the following form

u(x, t) =
ϕ(x+ ct)+ϕ(x− ct)

2
+

1
2c

x+ct∫
x−ct

ψ(α)dα +
1
2c

t∫
0

x+c(t−τ)∫
x−c(t−τ)

f (s,τ)dsdτ.

(5)
We will consider the formula in two-dimensional complex space C2, i.e.

x ∈ C, t ∈ C.
Since the D’Alambert formula contains three addendums we will apply

Theorem 2.1 to deduce the following theorem.

Theorem 3.1. Let ϕ : C → C, ψ : C → C be entire functions, l : C → R+,
l ∈ Q, c ∈ C\{0}. The following conditions are satisfied:

(1) ϕ is of bounded l-index N(ϕ, l)< ∞

(2) the function F(x, t) = ϕ(x+ ct)+ϕ(x− ct) is of bounded L-index in
the direction b = (b1,b2), where the function L is given by the formula
L(x, t) = max{l(x− ct), l(x+ ct)} and b1 −b2c ̸= 0;

(3) For every point t ∈ C the function Ψt(τ) =
2ct+(b1+b2c)τ∫
(b1−b2c)τ

ψ(α)dα ̸≡ 0;

(4) For every point t ∈ C one has max
|t ′−τ0|=2|t−τ0|

∣∣ 2ct+(b1+b2c)t ′∫
(b1−b2c)t ′

ψ(s)ds
∣∣≤

≤ c max
0≤k≤Nb(Fα ,Lα )

{
|(b1 − cb2)

k ·ϕ(k)((b1 −b2c)t)+

+(b1 + cb2)
k ·ϕ(k)((b1 +(b2 +2)c)t)|/(k!Lk((c1 +b1)t,(1+b2)t))

}
.

where τ0 is chosen such that Ψt(τ0) ̸= 0;
(5) There exist such positive constant E such that

max
{∣∣ 2ct+(b1+b2c)t ′∫

(b1−b2c)t ′

ψ(s)ds
∣∣ : |t ′− τ0|= 2λ

b
2 (1)/L(c1t +b1τ0, t +b2τ0)

}
⩽

⩽ E

∣∣∣∣
2ct+(b1+b2c)τ0∫
(b1−b2c)τ0

ψ(α)dα

∣∣∣∣. (6)

If |ε| < 1
2E then the function H(x, t) = ϕ(x+ct)+ϕ(x−ct)

2 + ε

2c

x+ct∫
x−ct

ψ(α)dα

is of bounded L-index in the direction b with Nb(H,L)≤ Nb(F,L),
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Proof. Denote c− = (1,−c). Since ϕ is of bounded l-index,

∂ mϕ(x− ct)
∂bm = ⟨b,c−⟩m

ϕ
(m)(x− ct) for any m ∈ N,

the function ϕ(x− ct) is of bounded l1-index in any direction b = (b1,b2) ̸=
(0,0), where l1(x, t)= l(x−ct). Similarly, the function ϕ(x+ct) is of bounded
l2-index in any direction b = (b1,b2) ̸= (0,0), where l2(x, t) = l(x+ ct).

It is known [1] that if l1 ⩽ l2 for any and f : C → C has bounded l1-
index in a direction b, then f : C → C is also of bounded l2-index in the
same direction b. Given this fact, every function ϕ(x−ct) and ϕ(x+ct) is of
bounded L-index in the direction b = (b1,b2).

The function L(x, t) = max{l(x− ct), l(x+ ct)} belongs to the class Q2
b.

This fact can be proved by a direct check of inequality λ b
2 (η) < ∞ is finite

because l ∈ Q by Condition 1) (see similar statements and corresponding
tehcniques for the classes Qn

b in [14], Qn in [15], Qb(Dn) in [16], respectively.
Condition 3) in the theorem provides existence of non-empty sets A and

B in Theorem 2.1: A = {(z, t) ∈ C2 : z− ct = 0}= {(ct, t) : t ∈ C},

B =
⋃
t∈C

{(ct +b1τ, t +b2τ) :

2ct+(b1+b2c)τ∫
(b1−b2c)τ

ψ(α)dα ̸= 0}.

Condition 4) in the theorem gives validity of Condition 3) in Theorem
2.1 with (z0

1,z
0
2) = (ct, t), t0 = τ0, F(z1,z2) =

1
2c

∫ z1+cz2
z1−cz2

ψ(s)ds,

G(z1,z2) =
ϕ(z1 − cz2)+ϕ(z1 + cz2)

2
, L(z1,z2) = L(z1,z2).

Similarly, Condition 5) in the theorem yields validity of Condition 4) in
Theorem 2.1. Thus, applying Theorem 2.1 we obtain the desired conclusion.

Problem 1. Let ϕ : C→ C, ψ : C→ C be entire functions, c ∈ C\{0}, ϕ is
of bounded l-index N(ϕ, l)< ∞, and L(x, t) = max{l(x− ct), l(x+ ct)}.

Has always the function F(x, t) = ϕ(x+ ct)+ϕ(x− ct) the bounded L-
index in the direction b = (b1,b2)?

Let us consider the simplest Cauchy problem for the heat equation:

u′t = a2uxx,(x ∈ R, t ∈ (0,+∞)), u(x, t)
∣∣∣∣
t=0

= ϕ(x).
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Its solution given by the Fourier transform method is the following

u(x, t) =
1

2a
√

πt

∫ +∞

−∞

ϕ(λ )exp
(
−(x−λ )2

4a2t

)
dλ , (7)

if the integral
∫

∞

−∞
| f (x)|dx is converged.

Let ϕ be an infinitely differentiable function supported in [−A,A]. Then
by the Paley-Wiener Theorem there exists an entire function of exponenti-
al type such that it is just ordinary Fourier transform of the function ϕ.
Mroeover, every entire function of single variable with bounded index is a
function of exponential type. This leads to the following question:

Problem 2. What are the function L and the direction b such that an analytic
continuation of the function u(x, t) given by (7) has bounded L-index in the
direction b?

A full answer to the question will allow to study local and asymptotic
behavior of analytic solutuions for multidimensional heat equation in various
geometric domains. In particular, it will be applicable to describe temperature
distributuion in the cylindrical bodies whose coating is formed by the plasma
electolytic oxidation.
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ПРО ФУНКЦIЇ, ПОВ’ЯЗАНI З АНАЛIТИЧНИМИ РОЗВ’ЯЗКАМИ
ЗАДАЧI КОШI ДЛЯ ХВИЛЬОВОГО РIВНЯННЯ ТА РIВНЯННЯ
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Дослiджуються властивостi цiлих розв’язкiв задачi Кошi для одно-
вимiрного однорiдного гiперболiчного рiвняння. Розглядаючи аналiтичне
продовження розв’язкiв, заданих формулою Д’Аламбера, ми знаходимо
деякi умови, що забезпечують обмеженiсть L-iндексу за напрямком для
функцiй, пов’язаних з цими розв’язками. Зокрема, для однорiдного хви-
льового рiвняння c2 ∂ 2

∂x2 u(x, t) = ∂ 2

∂ t2 u(x, t) з початковими умовами u(x,0) =
ϕ(x), ut(x,0) = ψ(x) його розв’язок має вигляд

u(x, t) = ϕ(x+ct)+ϕ(x−ct)
2 + 1

2c

x+ct∫
x−ct

ψ(α)dα.

Натомiсть вивчаються функцiї вигляду H(x, t) = ϕ(x+ct)+ϕ(x−ct)
2 +

E
2c

x+ct∫
x−ct

ψ(α)dα, де x, t, c ∈ C, E — додатна стала, що визначається з

деяких умов на функцiї ϕ та ψ . Наш основний результат дає доста-
тнi умови обмеженостi L-iндексу за напрямком b для таких функцiй
H. Його доведення використовує вiдомi достатнi умови для суми цi-
лих функцiй. Насамкiнець ставимо вiдкритi питання про умови обме-
женостi L-iндексу за напрямком для аналiтичних розв’язкiв задачi Кошi
для рiвняння теплопровiдностi. Цi умови дадуть змогу якiсно описати
локальну та асимптотичну поведiнку аналiтичних розв’язкiв параболi-
чного рiвняння, що описують розподiл температури пiд час плазмового
електролiтичного оксидування.

Ключовi слова: цiлий розв’язок, задача Кошi, одновимiрне гiперболi-
чне рiвняння, сума функцiй, обмежений L-iндекс за напрямком, хвильове
рiвняння, рiвняння теплопровiдностi, ПЕО.
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