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The article deals with Taylor-Dirichlet type series of the form F(x) =
∑
+∞

k=0 akexλk+τ(x)βk , where Λ = (λk) and β = (βk) are some sequences of non-
negative numbers, and τ(x) is a non-negative non-decreasing function, ak ≥
0 (k ≥ 0). The class of such functions we denote T D(Λ,β ,τ). The main
statement of the paper is Theorem 2: Let the sequence
(λn + βn) be increasing, a sequence β be non-decreasing and a posi-
tive function τ be such that τ(x + h)− τ(x) ⩾ h (x > 0,h > 0). If the
condition ∑

∞
k=0 (λk+1 +βk+1 −λk −βk)

−1 < +∞ is fulfilled, then for every
function F ∈ T D(Λ,β ,τ) the asymptotic relation F(x) = (1+o(1))µ(x,F)
holds as x → +∞ outside some set E ⊂ [0,+∞) of finite Lebesgue mea-
sure (

∫
E

dx < +∞), where µ(x,F) = max{akeτ(x)βk+xλk : k ≥ 0}. Theorem 2

was proved earlier (1998) under the conditions of strict increasing of the
sequences Λ and β .
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1. Introduction
Let T D(Λ,β ,τ) be the class of absolutely convergent for all x≥ 0 the Taylor-
Dirichlet type series of the form

F(x) =
+∞

∑
k=0

akexλk+τ(x)βk (1)

such that ak ≥ 0 (k ∈ Z+); here Λ = (λk) is some sequence of the non-
negative numbers λk ≥ 0 (k ≥ 0), and β =

(
βk
)
is also sequence of the non-

negative numbers, such that (λk,βk) ̸= (λ j,β j) for all k ̸= j, i.e. are different
two-dimensional vectors; τ : [0,+∞)→ (0,+∞) is continuously differentiable
non-decreasing function. In the case of βk ≡ 0, we obtain a Dirichlet series of
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the form

F1(x) =
+∞

∑
k=0

akexλk , (2)

that converges for all x≥ 0, and will write F1 ∈D(Λ) =T D(Λ,0,τ); T D :=
∪Λ ∪β T D(Λ,β ,τ), D := ∪ΛD(Λ). It is clear that D ⊂ T D .

For any x ≥ 0 and a Taylor-Dirichlet series F ∈ T D(Λ,β ,τ) of form
(1) we denote by

µ(x,F)=max{akeτ(x)βk+xλk : k≥ 0}, ν(x,F)=sup{k : akeτ(x)βk+xλk=µ(x,F)}

the maximal term and central index of series (1), respectively; for a Dirichlet
series F1 ∈ D(Λ) of form (2) we have µ(x,F1) = max{akexλk : k ≥ 0}.

It easy to see that for each function F ∈ T D(Λ,β ,τ) of form (1) there
exists ν(x,F) = max{k : akeτ(x)βk+xλk = µ(x,F)}, i.e., in particular,

aν(x,F)e
τ(x)βν(x,F)+xλν(x,F) = µ(x,F).

2. Main results
The following lemma contains conditions on the sequences λ and β which
are sufficient for the existence of the central index ν(x,F) for every function
F ∈ T D(Λ,β ,τ).

Lemma 2.1. Let F ∈ T D(Λ,β ,τ) and one of the following four conditions
is fulfilled:
i1) a function τ(x) is non-decreasing, a sequence (βn) is non-decreasing and
a sequence (λn) is increasing;
i2) a function τ(x) is increasing, a sequence (βn) is also increasing and a
sequence (λn) is nondecreasing;
ii1) a function τ(x) is such that τ(x+h)−τ(x)⩽ h (x > 0,h > 0), a sequence
α = (λn +βn) is an increasing sequence and a sequence λ = (λn) is a non-
decreasing sequence;
ii2) a function τ(x) is such that τ(x+h)−τ(x)⩾ h (x > 0,h > 0), a sequence
α = (λn +βn) is an increasing sequence and a sequence β = (βn) is a non-
decreasing sequence.
Then the central index ν(x,F) is a non-decreasing function such that ν(x,F)<
+∞ for every x ≥ 0.

Proof of Lemma 2.1. Below, where it will not cause ambiguity, instead of the
notations µ(x,F) and ν(x,F), we use the notation µ(x) and ν(x), respecti-
vely. Let F ∈T D(Λ,β ,τ), x > 0, h∈ (−x,+∞). Since lnaν(x+h)+xλν(x+h)+
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τ(x)βν(x+h) ≤ ln µ(x,F),

ln µ(x+h) = lnaν(x+h)+(x+h)λν(x+h)+βν(x+h)τ(x+h) =

= lnaν(x+h)+ xλν(x+h)+ τ(x)βν(x+h)+hλν(x+h)+βν(x+h)(τ(x+h)− τ(x))⩽

⩽ ln µ(x)+hλν(x+h)+βν(x+h)(τ(x+h)− τ(x)). (3)

Similarly,

ln µ(x+h)⩾ lnaν(x)+(x+h)λν(x)+βν(x)τ(x+h) =

= ln µ(x)+hλν(x)+βν(x)(τ(x+h)− τ(x)). (4)

From inequalies (3), (4), we obtain

hλν(x)+βν(x)(τ(x+h)− τ(x))⩽ ln µ(x+h)− ln µ(x)⩽

⩽ hλν(x+h)+βν(x+h)(τ(x+h)− τ(x)) (5)

and A(h) := h(λν(x+h)−λν(x))+(βν(x+h)−βν(x))(τ(x+h)− τ(x))⩾ 0 (6)

for all x > 0 and h > −x. Hence, in case i1), that the function τ(x) is non-
decreasing, the sequence (βn) is non-decreasing and the sequence (λn) is
increasing, reasoning from opposite, we assume that ν(x)> ν(x+h) for some
x and h > 0. Then τ(x+h)− τ(x) ≥ 0, λν(x+h) < λν(x), βν(x+h) ≤ βν(x), thus
A(h)< 0 and we obtain a contadiction with (6).

Similarly, in case i2), if the function τ(x) is increasing, the sequence (βn)
is also increasing and the sequence (λn) is non-decreasing we have that the
cental index ν(x) = ν(x,F) is the non-decreasing function. Indeed, reasoning
from opposite, we assume that ν(x) > ν(x+ h) for some x and h > 0, so
τ(x+h)− τ(x) > 0, λν(x+h) ≤ λν(x), βν(x+h) < βν(x), and therefore A(h) < 0
and we again get a contadiction with (6).

ii1) If τ(x+ h)− τ(x) ≤ h for all x > 0,h > 0, α = (λn +βn) is an in-
creasing sequence, then if we assume that there exist x > 0 and h > 0 such
that ν(x+h)< ν(x), then in the case βν(x+h) ⩾ βν(x) in view of the inequality
τ(x+ h)− τ(x) ⩽ h and increasing of the sequence (λn + βn), we get 0 ⩽
A(h)⩽ h(λν(x+h)+βν(x+h)−λν(x)−βν(x))< 0, that it is impossible.

In the case βν(x+h) < βν(x), in view of non-decreasing a sequence (λn),
we directly also obtain contradiction with (6).

ii2) This case it follows from ii1) by using statement ii1) for the function

F1(x) = F(τ−1(x)) =
+∞

∑
n=0

anexβn+λnτ−1(x)
.
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In article [1], it is proved the following theorem.

Theorem 2.1 (Skaskiv, Trusevych, 1998). Let the sequences Λ = (λn),β =
(βn) be increasing, and a differentiable function τ be such that τ ′(x) ⩾ 1
(x > 0). For every function F ∈ T D(Λ,β ,τ) the asymptotic relation F(x) =
(1+ o(1))µ(x,F) holds as x → +∞ outside some set E ⊂ [0,+∞) of finite
Lebesgue measure (

∫
E

dx <+∞), if and only if

∞

∑
n=0

1
λn+1 +βn+1 −λn −βn

<+∞. (7)

Analysis of the proof of article [1] shows that the conditions, the seque-
nces λ = (λn),β = (βn) are increasing, of Theorem 2.1 can be replaced by the
condition ii1) from Lemma 2.1. This condition is weaker in a general case.

We prove the following theorem.

Theorem 2.2. Let a sequence (λn+βn) be increasing, a sequence β = (βn) be
non-decreasing and a positive differentiable function τ be such that
τ(x+ h)− τ(x) ⩾ h (x > 0,h > 0). If the condition (7) is fulfilled, then for
every function F ∈ T D(Λ,β ,τ) the asymptotic relation

F(x) = (1+o(1))µ(x,F) (8)

holds as x → +∞ outside some set E ⊂ [0,+∞) of finite Lebesgue measure
(
∫
E

dx <+∞).

The proof of the Theorem 2.2 repeats the proof of Theorem 2.1 almost
verbatim and uses the following auxiliary statements.

We assume that
+∞

∑
k=0

(αk+1−αk)
−1 <+∞, where αk = λk+βk, and denote

δk = max{( j− l +1)−3/2
j

∑
m=l

1
αm+1 −αm

: 1 ≤ l ≤ k−1 ≤ j <+∞}.

Lemma 2.2 ([2], Lemmas 1, 3). If
+∞

∑
k=0

(αk+1 − αk)
−1 < +∞, where αk =

λk +βk, then there exists a sequence (ck) such that 0 ≤ ck ↑ +∞ (k ↑ +∞),

εk = ckδk ∈ (0,1/2) (k ≥ 0),
+∞

∑
k=0

εk < +∞, and ∑
k ̸=ν

exp{−εk|αk − αν |} =

o(1) (ν →+∞).
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Lemma 2.3 ([1], Lemma 2). Let ν(x) : [0,+∞)→ Z+ be any non-decreasing
function. If (εk) is a non-negative given sequence, then there exists a set
E ⊂ (0,+∞) such that for all x ∈ [0,+∞)\E the equalities ν(x±εν(x)) = ν(x)
are holds and for Lebesgue measure of the set E we have

meas
(
E ∩ [0,R]

)
=

∫
E∩[0,R]

dx ≤ 2(C+
ν(R−0)

∑
k=0

εk) (R > 0), (9)

and the non-negative constant C depends only on function ν(x).

Proof of Theorem 2.2. Since from ii2) of Lemma 2.1 the function ν(x,F) is
non-decreasing, by using Lemma 2.3 for function ν(x) = ν(x,F) we get the
equalities ν(x± εν(x)) = ν(x) for all x ∈ [0,+∞) \E, and the set E satisfies
(9).

Next, as in [1], we obtain by the definition of the maximal term of the
series (1) and using by the equalities ν(x± εν(x)) = ν(x)

ake(x±εν(x))λk+τ(x±εν(x))βk ≤µ(x±εν(x),F)=µ(x,F)e±εν(x)λν(x)+(τ(x±εν(x))−τ(x))βν(x),

or akexλk+τ(x)βk ⩽ µ(x,F)e±εν(x)(λν(x)−λk)+(τ(x±εν(x))−τ(x))(βν(x)−βk)

For k < ν(x) we have (τ(x− εν(x))− τ(x))(βν(x)−βk) ≤ −εν(x)|βν(x)−βk|,
thus

akexλk+τ(x)βk ≤ µ(x,F)exp{−εν(x)(λν(x)+βν(x,F)−λk −βk)}

for all k < ν(x,F). For k > ν(x) we have (τ(x+ εν(x))− τ(x))(βν(x)−βk)≤
εν(x)(βν(x)−βk), thus

akexλk+τ(x)βk ≤ µ(x,F)exp{−εν(x)(λk +βk −λν(x)−βν(x))}

for all k > ν(x,F). Finally, by Lemma 2.2 we obtain

F(x)/µ(x,F)≤ 1+ ∑
k ̸=ν(x,F)

exp{−εν(x,F)|λν(x)+βν(x,F)−λk −βk|}=

= 1+ ∑
k ̸=ν(x,F)

exp{−εν(x,F)|αν(x)−αk|}= 1+o(1)

x →+∞ (x /∈ E). From Lemmas 2.2 and 2.3 we get

meas E ≤ 2C+2
+∞

∑
k=0

εk <+∞.
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Розглядаються ряди типу Тейлора-Дiрiхле такого вигляду F(x) =
+∞

∑
k=0

akexλk+τ(x)βk , де Λ = (λk) i β = (βk) послiдовностi невiд’ємних чисел,

τ(x) невiд’ємна неспадна функцiя, ak ≥ 0 (k ≥ 0). Клас таких функцiй
позначимо T D(Λ,β ,τ). Основними твердженнями статтi є Теорема
2: Нехай послiдовнiсть (λn +βn) зростає, послiдовнiсть β неспадна, а
додатна функцiя τ така, що τ(x + h)− τ(x) ⩾ h (x > 0,h > 0). Якщо
виконується умова ∑

∞
k=0 (λk+1 +βk+1 −λk −βk)

−1 < +∞, то для кожної
функцiї F ∈ T D(Λ,β ,τ) спiввiдношення F(x) = (1+ o(1))µ(x,F) вико-
нується при x → +∞ зовнi деякої множини E ⊂ [0,+∞) скiнченної мiри
Лебега (

∫
E

dx<+∞), де µ(x,F)=max{|ak|eτ(x)βk+xλk : k ≥ 0}. Теорему 2 бу-

ло доведено ранiше (1998) за умов строгого зростання послiдовностей
Λ i β .

Ключовi слова: ряди Тейлора-Дiрiхле, виняткова множина; макси-
мальний член.

ISSN 2304-7399. Прикарпатський вiсник НТШ. Число. – 2024. – № 19(73)


