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The article deals with Taylor-Dirichlet type series of the form F(x) =
Y are™ OB where A= (A) and B = (By) are some sequences of non-
negative numbers, and T(x) is a non-negative non-decreasing function, ay >
0 (k>0). The class of such functions we denote T P (A,B,t). The main
statement of the paper is Theorem 2: Let the sequence
(An + Bn) be increasing, a sequence P be non-decreasing and a posi-
tive function Tt be such that t(x+h)—1t(x) > h (x> 0,h >0). If the
condition Yo (A1 + Brt1 — X — By) 7! < +oo is fulfilled, then for every
Sunction F € T 9(A,B,7) the asymptotic relation F(x) = (1+o(1))u(x,F)
holds as x — +oo outside some set E C [0,+) of finite Lebesgue mea-
sure ([dx < 4oo), where p(x,F) = max{ape™ P+ k > 0}. Theorem 2

E

was proved earlier (1998) under the conditions of strict increasing of the
sequences A and B.
Key words: Taylor-Dirichlet series; exceptional set; maximal term.

1. Introduction
Let 7 2(A, B, 7) be the class of absolutely convergent for all x > 0 the Taylor-
Dirichlet type series of the form

o0
Fx)=Y are Mt b (1)
k=0

such that a;y > 0 (k € Z;); here A = (A) is some sequence of the non-
negative numbers A, > 0 (k > 0), and B = (B) is also sequence of the non-
negative numbers, such that (A, ) # (4}, B;j) for all k # j, i.e. are different
two-dimensional vectors; 7: [0,4o0) — (0, 4o0) is continuously differentiable
non-decreasing function. In the case of B; = 0, we obtain a Dirichlet series of
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the form .
Fi(x)=Y ae™, )
k=0

that converges for all x > 0, and will write F} € Z(A) = 7 2(A,0,7); T P :=
UaUg T D (A, B,7), Z :=UpxZ(A). Itis clear that ¥ C T D,

For any x > 0 and a Taylor-Dirichlet series F € .7 Z(A, B, 7) of form
(1) we denote by

1 (x, F)=max{ae" P4 >0}, v(x,F)=sup{k: are® P —p (x F)}

the maximal term and central index of series (1), respectively; for a Dirichlet
series F| € Z(A) of form (2) we have u(x, Fi) = max{aze™: k > 0}.

It easy to see that for each function F € .7 Z(A, B, 1) of form (1) there
exists v(x, F) = max{k: aze®™™Bt* — (x F)}, i.e., in particular,

Qy(x F)ef(x)ﬁv(xfﬁxlv(x,m = u(x,F).

2. Main results
The following lemma contains conditions on the sequences A and 8 which
are sufficient for the existence of the central index v(x,F) for every function

Fe J9(A,B,1).

Lemma 2.1. Let F € 7 2(A,B, 1) and one of the following four conditions
is fulfilled:

i1) a function t(x) is non-decreasing, a sequence (f3,) is non-decreasing and
a sequence (A,) is increasing;

i) a function t(x) is increasing, a sequence (f,) is also increasing and a
sequence (A,) is nondecreasing;

ii1) a function t(x) is such that t(x+h) —t(x) < h (x > 0,h > 0), a sequence
o = (A, + Bn) is an increasing sequence and a sequence A = (A,) is a non-
decreasing sequence;

iiz) a function t(x) is such that T(x+h) —t(x) > h (x > 0,h > 0), a sequence
o = (A, + By) is an increasing sequence and a sequence 3 = (f3,) is a non-
decreasing sequence.

Then the central index v(x, F) is a non-decreasing function such that v(x,F) <
+oo for every x > 0.

Proof of Lemma 2.1. Below, where it will not cause ambiguity, instead of the
notations (x,F) and v(x,F), we use the notation p(x) and v(x), respecti-
vely. Let F € 7P (A,B,7), x>0, h € (—x,+o0). Since Inay () + XAy (x4n) +
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T()Byern) < Inp(x, F),
Inp(x+h) =Inayp) + (x+m)Ay(esn) + Byean T(X+h) =
=Inayn) + XAy (epn) + T) By (xrn) + A (epn) + By ey (T(x + 1) — T(x)) <
< Inp(x) + Ay ey + By epn) (Tx +h) — T(x)). (3)

Similarly,

Inp(x+n) = Inay )+ (x+h) Ay + By T(x+h) =
= Inp(x) +h2y() + By (T (X+h)—f( ) (4)
From inequalies (3), (4), we obtain
hAy(x) + By (T(x+h) = 7(x)) < Inp(x+h) —Inp(x) <
<Ay (ein) + By(en) (T(x+h) = 7(x)) (5)
and A(h) := h(Ay(esn) — Av(x) + (Byern) = Bu) (T(x+ 1) — 7(x)) = 0 (6)

for all x > 0 and h > —x. Hence, in case i;), that the function 7(x) is non-
decreasing, the sequence (f3,) is non-decreasing and the sequence (4,) is
increasing, reasoning from opposite, we assume that v(x) > v(x+#h) for some
x and & > 0. Then T(x+h) —7(x) > 0, Ay (xsn) < Ay(x)s Byixrn) < By(y)> thus
A(h) < 0 and we obtain a contadiction with (6).

Similarly, in case i), if the function 7(x) is increasing, the sequence (f3,)
is also increasing and the sequence (A,) is non-decreasing we have that the
cental index v(x) = v(x, F) is the non-decreasing function. Indeed, reasoning
from opposite, we assume that v(x) > v(x+h) for some x and i > 0, so
T(x+h) = 7(x) > 0, Ay(epn) < Ay(n)> Byesn) < By(x)» and therefore A(h) <0
and we again get a contadiction Wlth (6)

i) If t(x+h) —t(x) < h for all x> 0,h>0, a = (A, + B,) is an in-
creasing sequence, then if we assume that there exist x > 0 and 4 > 0 such
that v(x+h) < v(x), then in the case By n) = By(y) in view of the inequality
T(x+h)—1(x) < h and increasing of the sequence (A, + B,), we get 0 <
A(h) < h(Ay(epn) + By(xsn) — —Bv(x)) <0, that it is impossible.

In the case By (xipn) < ﬁ vix ) 1n view of non-decreasing a sequence (4,),
we directly also obtain contradiction with (6).

iip) This case it follows from ii}) by using statement ii;) for the function

F(x)=F(t ' (x) Z apePrthat
n=0
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In article [1], it is proved the following theorem.

Theorem 2.1 (Skaskiv, Trusevych, 1998). Let the sequences A = (A,),3
(Bn) be increasing, and a differentiable function T be such that t'(x) >
(x > 0). For every function F € 7 2(A,B,7) the asymptotic relation F(x) =
(I4+0(1))u(x,F) holds as x — +oo outside some set E C [0,+c) of finite
Lebesgue measure ([ dx < +e0), if and only if

E

[l

> 1
< oo,
,;O}Ln—i-l +Bn+1 _An_ﬁn

(7)

Analysis of the proof of article [1] shows that the conditions, the seque-
nces A = (A,), B = (By) are increasing, of Theorem 2.1 can be replaced by the
condition iij) from Lemma 2.1. This condition is weaker in a general case.

We prove the following theorem.

Theorem 2.2. Let a sequence (A, + f3,) be increasing, a sequence B = (p3,) be
non-decreasing and a positive differentiable function T be such that
T(x+h)—t(x) = h (x> 0,h > 0). If the condition (7) is fulfilled, then for
every function F € .7 9(A, B, 1) the asymptotic relation

F(x) = (1+o(1))u(x, F) ()

holds as x — +oo outside some set E C [0,+o0) of finite Lebesgue measure
(f dx < +o0).
E

The proof of the Theorem 2.2 repeats the proof of Theorem 2.1 almost

verbatim and uses the following auxiliary statements.

~+o0
We assume that ¥ (@ — 0g) ! < +oo, where o = Ay + B, and denote
k=0

/ 1
5k:max{(j—l+1)73/22—: 1 <I<k—1<j< oo}
m:lam+l_ain

—+oo
Lemma 2.2 ([2], Lemmas 1, 3). If ¥ (04,1 — o)~ ! < 4o0, where oy =
Ak + By, then there exists a sequence (_ck) such that 0 < ¢ 1 +oo (k1 +o0),
o0
& = 0 € (0,1/2) (k>0), ¥ & < +oo, and Y exp{—&loy —av|} =
k=0 k#v

o(l) (v — +e).
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Lemma 2.3 ([1], Lemma 2). Let v(x): [0,+) — Z be any non-decreasing
function. If (&) is a non-negative given sequence, then there exists a set
E C (0,+o0) such that for all x € [0,+o0) \ E the equalities v(x£&(y)) = V(x)
are holds and for Lebesgue measure of the set E we have

V(R-0)
meas (EN[0,R]) = / dx <2(C+ Z &) (R>0), 9)

EN[O.R]
and the non-negative constant C depends only on function v(x).

Proof of Theorem 2.2. Since from ii;) of Lemma 2.1 the function v(x, F) is
non-decreasing, by using Lemma 2.3 for function v(x) = v(x,F) we get the
equalities V(x £ &,(y)) = v(x) for all x € [0,+<0) \ E, and the set E satisfies

).
Next, as in [1], we obtain by the definition of the maximal term of the
series (1) and using by the equalities V(x &, (y)) = V(x)

ake(xj:gv(x))lk'f'f(x:tev(x))Bk S,U(XZESV() F) lJ(X F) igv lv() (7 (Xigv ) ())ﬁv
or a AT B < u(x,Fe &y (x) (Ay () =)+ (T(xEEy (1)) —T(x)) (By (v) —Br)

For k < v(x) we have (T(x— &) — 7(x))(Bvx) — Br) < —&v(x)|Bvx) — Brl>
thus

are TP < 1 (x, F) expl—&y(x) (Av(x) + Byier) = A= B}
for all k < v(x,F). For k> v(x) we have (T(x+&y(y) — (%)) (By() —Be) <
€y(x) (Bv(x) — Br), thus
akexlk+T(X)Bk S u(x,F) exp{—gv(x) (a'k —+ ﬁk — ;Lv(x) - Bv(x))}

for all k > v(x,F). Finally, by Lemma 2.2 we obtain

F(x)/u(x,F) <1+ Y, exp{—&y(r)l v+ Brier) — M — Bel} =
k#v(x,F)

=1+ Z eXp{_gv(x,F)|O‘v(x) —ogl} =1+0(1)
k#v(x,F)

X — 4o (x ¢ E). From Lemmas 2.2 and 2.3 we get

~+oo
meas £ <2C+2 Z & < +oo.
k=0
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Posensioatomvcesi psaou muny Teunopa-/Jipixne maxoeo euenady F(x) =
o0
Y areMHTOBe ge A= (Ay) i B = (Bi) nocridosnocmi negio’emmux wucen,
k=0

T(x) Heid emna necnaona gynxyis, ap > 0 (k > 0). Knac maxux ¢ymnxyiii
nosnauumo 7 D (A, B,1). Ocnosnumu meeposcennsmu cmammi € Teopema
2: Hexaii nocnioosnicme (A, + PB,) spocmae, nocuioosunicme 3 necnaouna, a
oooamua @yuryia T maxa, wo T(x+h)—1(x) > h (x > 0,h > 0). Axwo
sukonyemocs ynoea Yo (Av1 + Brr1 — A — Br) ' < +oo, mo ona Kovcnoi
Gyuxyii F € T D(A,B,7) cnissionowenns F(x) = (1+o(1))u(x,F) euxo-
Hyembest npu X — +o0 306Hi desxoi’ muodcunu E C [0, 4o0) cxinuennoi mipu
Jebeza ([ dx < +o0), 0e pi(x,F) = max{|a|e* @Btk k> 0}. Teopemy 2 6y-
E

710 008edeno pariwe (1998) 3a ymos cmpoeoeo 3pocmanus nocaioosHocmetl
Aip.

Knrouosi cnosa: psou Tevinopa-/ipixne, 6uHAmMKO8A MHOMCUHA, MAKCU-
MATbHUL YJIEH.
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