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Estimates of order of entire solutions for partial differential equations
are obtained. These solutions are functions of bounded index in direction.
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1. Introduction. B. S. Lee and S. M. Shah [3] investigated a type and
order of entire solutions of linear homogeneous differential equtions with
polynomial coefficients. We generalized their results for entire functions of
bounded index in direction.

Let L(z), zeC", be a positive continuous function.
Definition 1 (see [5]). An entire function of F(z), ze C", is called

function of bounded L -index in the direction of b € C", if there exists
m, € Z, such that for me Z, and every z € C" next inequality is true:

1 |8'"F(z)|_max 1 |0"F(2)|. 0<ksm
va'"(z)| ob" | KL (z)| ob* |
'F(z) OF(z) _ Z@F(z) 0"F(z) _ (ak 'F(z)
b’ ob oz, b ob*  ob  ob*!

J=1 J
The least such integer m, 1s called the L -index in direction of F(z)

where

~F(z), Z 5N k.

and is denoted by N,(F,L). If such m, does not exist then we put
N,(F,L)y=o and F is said to be of unbounded L -index in direction. We
also denote by N,(F,L,z") as L-index in direction b of function F at a
point z° that is the least integer m, for which inequality (1) is true at z = z°.
If L(z)=1 then F is called a function of bounded index in the direction b
and N, (F)=N,(F,1) is index in the direction b.

Suppose that W = F(z) is a transcendental entire function satisfying the
linear partial differential equation
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P(z)ak +P(z )ak 1W+ +P(z2)W(z)=0,

where P,(z) are polynomlals of degree not exceeding || d ||
By(2)=a;z'+--, j.de Z,| jIF0,1,....k
and a, # 0. Note that a;, =0 if the degree of P,(z) is less than PdP

It is known [2] that if p denotes the order of f(¢), t €C, then p<1
and p=1if a, #0. Let us write

=7 f]= limsup————"— ZogM(r,f) = yLf1= limsup ———= v(r, /)
Fos o r Fos o
where  v(r,f)=v(r) denotes the

central  index of (),
M(r, f)=max{| f(¢)|:|t|=r}. Then we have [1]

T<y<N+1, (3)
where N is an index of function f(¢). Let us denote f. (¢)=F(z+tb)
r.=17/.) r.=// ]

We call N, =N, (F,L,&) the local index in the direction b of F(z)
at z=¢&. Itis easily seen that if N, (F) <oo, then

N, (F)= SLg}p {N.:}.

The index set S, of order n, 0<n<N,(F), is by definition the set of
all points & such that N, =n. Let

O-I’l ={r:|¢f|=rﬂfe Sn}QOSnSNb(F)
and let m,(o,) denote the logarithmic measure of o, N[1,0)
2. Main result.

Theorem 1 Let F(z), ze€C", be a transcendental entire function of
bounded index. If m,(c,) = for some p >0, then p[f.]

=1.
We require the following three lemmas.

Lemma 1 [3] Suppose that g(r) is positive and non-decreasing for
r>r,. If aset A is contained in 1<r <o and m,(A) <o, then

limsup =—= g( ) - = limsup =—= g( )

r—> o

7= o

r g4

It is known [2] that if f is a transcendental entire function and
N, <o, then for any integer k (we choose k €{0,1,...,N(f)}, we have

f(])() k( )

f““’(r)(lw,-(r)),vk(r)=v(r><1+5k(r>>,k<j, 4)
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where [77,(1)[—> 0 and 6,(r) >0 for |[¢|=r —> oo outside a set A, of r of

finite logarithmic measure. Here v, (r) is the central index of ' (r). We

prove
Lemma 2 Suppose N, (F) <o with m/(c,) =% for some integer p,

0< p<N,(F). Then for every zeC"

pSlimsupV <p+1

r—0

rec —A
n

(r,/2)
r

where A=A,.
Proof. The proof of this Lemma is similar to proof of Lemma 2 in [3].

Lemma 3 Suppose that there exists an integer m and a number R >0
such that N, (F,&)<m forall | &[> R. Then for all zeC"

v(r,f.)

y = limsup <m+1.

r—>®0

Proof. It is known [4] that for any entire function F' #0,
]\G}(}7,§) S;I):: 1)(129jr)<< 0
for all |£|I<R. So N,(F)<max(m,P) and consequently there are only

finitely many index sets. Let

Sn],S S ,(n<nmn,,i=12,..,p-1)
P

ny L i+1°

be the sequence of all non-empty index sets such that
m,(c,)=o,i=12,...,p.

Let
o=,
i=1

Then the complementary set £ =o¢ has a finite logarithmic measure.
Lemma 2 implies that we have

, v(r
llmsup(;fZ)SniJrISnp+1Sm+l,
r—>o r
rec, -4

i

where m,(A) <. Hence

) v(r
llmsup—) <Sm+]1.
ro o r

r 2ua
Since m, (X UA) <o, the lemma now follows from Lemma 1.
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v(r, f.)
r

Proof of Theorem 1. By Lemma 2, limsup, >0 and so

plf.]1z1. Since F is a function of bounded index in the direction b we
have p[f.]=1.
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Ompumano oyiHKy ROpsOKY YIIUX po36's3Kie PiGHsHb 3 YACTMUHUMU
NOXIOHUMU V KNACI (YYHKYIU 00MedHCeH020 THOeKCY 3a HANPSMOM.
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