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are obtained. These solutions are functions of bounded index in direction.  
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1. Introduction. B. S. Lee and S. M. Shah [3] investigated a type and 

order of entire solutions of linear homogeneous differential equtions with 
polynomial coefficients. We generalized their results for entire functions of 
bounded index in direction. 

 
Let ),(zL  ,nz C∈  be a positive continuous function. 
Definition 1 (see [5]). An entire function of )(zF , nz C∈ , is called 

function of bounded L -index in the direction of nC∈b , if there exists 
+∈Z0m  such that for +∈Zm  and every nz C∈  next inequality is true:  
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The least such integer 0m  is called the L -index in direction of )(zF  
and is denoted by ).,( LFNb  If such 0m  does not exist then we put 

∞=),( LFNb  and F  is said to be of unbounded L -index in direction. We 
also denote by ),,( 0zLFNb  as L -index in direction b  of function F  at a 
point 0z  that is the least integer 0m  for which inequality (1) is true at .= 0zz  
If 1)( ≡zL  then F  is called a function of bounded index in the direction b  
and ,1)()( FNFN bb ≡  is index in the direction .b  

Suppose that )(= zFW  is a transcendental entire function satisfying the 
linear partial differential equation  



МАТЕМАТИКА 

 
ISSN 2304-7399. Прикарпатський вісник НТШ. Число. – 2014. – № 1(25) 

23 

0,=)()(
∂
∂)(

∂
∂)( 1

1

10 zWzPWzPWzP kk

k

k

k

+++ L
bb

 where )(zPj  are polynomials of degree not exceeding ,|||| d   
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and 0.0 ≠a  Note that 0=ja  if the degree of )(zPj  is less than .PPd  
It is known [2] that if ρ  denotes the order of ),(tf  ,C∈t  then 1,≤ρ  

and 1=ρ  if 0.≠ka  Let us write  
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where )(=),( rfr νν  denotes the central index of ),(tf  
}.|=||:)({|max=),( rttffrM  Then we have [1]  

                                     1,+≤≤ Nγτ                                                 (3) 
 where N  is an index of function ).(tf  Let us denote ),(=)( btzFtf z +  

],[= zz fττ  ].[= zz fγγ  
We call ),,(= ξξ LFNN b  the local index in the direction b  of )(zF  

at .= ξz  It is easily seen that if ,<)( ∞FNb  then  
}.{sup=)( ξ

ξ
NFNb  

The index set nS  of order ,n  ),(0 FNn b≤≤  is by definition the set of 
all points ξ  such that .= nNξ  Let  

)(≤≤0},∈,|=|:{= FNnSξrξrσ nn b  
and let )( nlm σ  denote the logarithmic measure of ).[1,∞∩nσ  

2. Main result.  
Theorem 1  Let ),(zF  ,nz C∈  be a transcendental entire function of 

bounded index. If ∞=)( plm σ  for some 0,>p  then 1.=][ zfρ   
 We require the following three lemmas.  
Lemma 1 [3]  Suppose that )(rg  is positive and non-decreasing for 
.> 0rr  If a set Δ  is contained in ∞≤ <1 r  and ,<)( ∞Δlm  then  
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It is known [2] that if f  is a transcendental entire function and 
,< ∞fN  then for any integer k  (we choose )},(,{0,1, fNk K∈  we have  
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where 0|)(| →tjη  and 0)( →rkδ  for ∞→rt |=|  outside a set fΔ  of r  of 

finite logarithmic measure. Here )(rkν  is the central index of ).()( tf k  We 
prove  

Lemma 2  Suppose ∞<)(FNb  with ∞=)( plm σ  for some integer ,p  

).(0 FNp b≤≤  Then for every nz C∈   
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Proof. The proof of this Lemma is similar to proof of Lemma 2 in [3].  
 
Lemma 3  Suppose that there exists an integer m  and a number 0>R  

such that mFN ≤),( ξb  for all .|>| Rξ  Then for all nz C∈   
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Proof. It is known [4] that for any entire function 0,≡/F   
 ∞≤ <),(=),( fRPPFN ξb  

for all .|| R≤ξ  So ),(max)( PmFN ≤b  and consequently there are only 
finitely many index sets. Let  
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Then the complementary set σ=Σ  has a finite logarithmic measure. 
Lemma 2 implies that we have  
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Since ,<)( ∞Δ∪Σlm  the lemma now follows from Lemma 1.  
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Proof of Theorem 1. By Lemma 2, 0>),(limsup
r

fr z
r

ν
∞→  and so 

1.][ ≥zfρ  Since F  is a function of bounded index in the direction b  we 
have 1.=][ zfρ  
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Отримано оцінку порядку цілих розв'язків рівнянь з частиними 
похідними у класі функцій обмеженого індексу за напрямом.  

Ключові слова: ціла функція, обмежений L -індекс за напрямом, 
похідна за напрямом, лінійне диференційне рівняння, порядок цілої 
функції. 
 
 
 
 
 
 
 
 
 


