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In theory of holomorphic functions having bounded L-index in a direc-
tion b an auxiliary class of positive continuous functions L is important to
describe properties of the holomorphic functions by some inequalities and
estimates containing the function L. This class is defined by local behav-
ior of the function L. In the simplest one-dimensional case, the function
should not vary locally too quickly, i.e. L(r +O(1/L(r))) = O(L(r)) for
r = |z| → +∞. The paper is devoted an analog of this function class for
the unit polydisc, i.e. for the Cartesian product of the unit discs. There
is proved an equivalence of three different approaches to define the class.
It is described by the local behavior on the slice z+ tb for given z from
the unit polydisc and for a fixed direction b, where the complex variable t
belongs to some disc with radius dependent on b and z. These estimates
must be fulfilled uniformly in all z. There is indicated a possible explicit
form of functions belonging to the class. The form is given as a product
of arbitrary positive continuous function defined in the closed unit polydisc
and the minimum of the expressions 1/(1−|z j|) in all variables z j.

Key words: positive continuous function; unit polydisc; boundary be-
havior; bounded L-index in direction.
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1. Main definitions and notations
The paper is some addendum to paper [1]. There was introduced a notion of L-
index in a direction b∈Cn\{0} for functions analytic in the unit polydisc. An
auxiliary class Qb(Dn) is used to deduce meaningful results for the analytic
functions. Our goal is study properties of the class and describe partially
function belonging to the class. The presented results are analogs of results
obtained for n-dimensional complex space [3] and for the unit ball [2].

Let 0 = (0, . . . ,0), b = (b1, . . . ,bn)∈Cn \{0} be a given direction, R+ =
(0,+∞), Dn = {z∈Cn : |z j|< 1, j ∈ {1,2, . . . ,n}} be a unit polydisc, L : Dn →
R+ be a continuous function such that for all z = (z1,z2, . . . ,zn) ∈ Dn

L(z)> β max
1⩽ j⩽n

|b j|
1−|z j|

, β = const > 1. (1)

Remark 1.1. Notice that if η ∈ [0,β ], z ∈ Dn and |t| ≤ η

L(z) then z+ tb ∈ Dn.

Indeed, using (1) we have

|z j+tb j|≤|z j|+|tb j|≤|z j|+
η |b j|
L(z)

<|z j|+
β |b j|

β max1⩽s⩽n
|bs|

1−|zs|

⩽|z j|+
|b j|
|b j|

1−|z j|

=1.

Since for each j ∈ {1, . . . ,n} one has |z j + tb j|< 1, the point z+ tb is contai-
ned in the unit polydisc.

The positivity and continuity of the function L and condition (1) are
weak to explore the behavior of analytic function of bounded L-index in
direction. Below we impose an extra condition on behavior of the function L.

For a given point z ∈ Dn we denote Dz = {t ∈ C : z+ tb ∈ Dn}. In other
words, Dz = {t ∈ C : |t| < min1⩽ j⩽n

1−|z j|
|b j| }. Here if b j = 0 then we suppose

1−|z j|
|b j| =+∞. For η ∈ [0,β ], z∈Dn, we define

λ
b
1 (z,η)= inf

{
L(z+ tb)

L(z)
: |t|≤ η

L(z)

}
, λ

b
1 (η) = inf{λ

b
1 (z,η ,L) : z ∈ Dn},

λ
b
2 (z,η) = sup

{
L(z+ tb)

L(z)
: |t| ≤ η

L(z)

}
, λ

b
2 (η) = sup{λ

b
2 (z,η ,L) : z∈Dn}.

Denote

λb(η) = sup
z∈Dn

sup
t1,t2∈Dz

{
L(z+ t1b)
L(z+ t2b)

: |t1 − t2| ≤
η

min{L(z+ t1b),L(z+ t2b)}

}
.
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The notation Qb(Dn) stands for a class of positive continuous functions L :
Dn → R+, satisfying (1) and

(∀η ∈ [0,β ]) : λb(η)<+∞. (2)

Actually it is enough to require validity of any inequality in (2) for one
value η ∈ (0,β ] (for η = 0 the inequality is trivial). If n = 1 then Q(D) ≡
Q1(D1).

2. Properties of functions belonging to Qb(Dn)
Proposition 2.1. Let L : Dn →R+ be a positive continuous function satisfying
condition (2). Then the following statements are equivalent:

(1) (∀η ∈ [0,β ]) : λb(η)<+∞;
(2) (∀η ∈ [0,β ]) : 0 < λ b

1 (η)≤ λ b
2 (η)<+∞;

(3) (∃η ∈ (0,β ]) : 0 < λ b
1 (η)≤ λ b

2 (η)<+∞.

Proof. The proof of this proposition is elementary and uses the definition of
the λb(η), λ b

1 (η), λ b
2 (η).

1) ⇒ 2). Indeed, for η ∈ [0,β ] one has |t| ⩽ η

L(z) <
η

β max1⩽ j⩽n
|b j |

1−|z j |

⩽

η

β
min1⩽ j⩽n

1−|z j|
|b j| ⩽ min1⩽ j⩽n

1−|z j|
|b j| , that is t ∈ Dz. Then

λ
b
2 (η) = sup

z∈Dn
sup{L(z+ tb)/L(z) : |t| ≤ η/L(z)}=

= sup
z∈Dn

sup{L(z+ tb)/L(z+0b) : |t −0| ≤ η/L(z)}⩽

⩽ sup
z∈Dn

sup
t1,t2∈Dz

{
L(z+ t1b)
L(z+ t2b)

: |t1 − t2| ≤
η

min{L(z+ t1b),L(z+ t2b)}

}
=

= λb(η)<+∞.

Similarly, for λ b
1 (η) we obtain

λ
b
1 (η) = inf

z∈Dn
inf{L(z+ tb)/L(z) : |t| ≤ η/L(z)}=

=

(
sup
z∈Dn

sup{L(z+0b)/L(z+ tb) : |t −0| ≤ η/L(z)}
)−1

⩽

⩽

(
sup
z∈Dn

sup
t1,t2∈Dz

{
L(z+ t1b)
L(z+ t2b)

: |t1 − t2| ≤
η

min{L(z+ t1b),L(z+ t2b)}

})−1

=
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= 1/λb(η)<+∞.

2)⇒ 3). It is obvious because 2) holds for all η ∈ [0,β ], and in 3) we
require validity for some η ∈ (0,β ].

3)⇒ 1).
Assume that (2) holds for some η0 ∈ (0,β ]. In this case inequality (2) is

true for all η ⩽ η0, because λ b
1 (η) is a decreasing function and λ b

2 (η) is an
increasing function.

Let η ⩽η0. Then L(z+tb)≤ λ2(η)L(z) for each |t| ≤ η

L(z) and all z∈Dn.

Put t = t2 − t1, where t2, t1 ∈ Dz. Then L(z− t1b+ t2b) ≤ λ2(η)L(z) for all
|t2 − t1| ≤ η

L(z) and every z ∈ Dn. Substituting z = z0 + t1b, we obtain L(z0 +

t2b)≤ λ2(η)L(z0+t1b) for all |t2−t1| ≤ η

L(z0+t1b) and every z0 ∈Dn, i.e., when

L(z0+t1b)≤ L(z0+t2b) we have L(z0+t2b)
L(z0+t1b) ≤ λ2(η) as |t2−t1| ≤ η

L(z0+t1b) . And

when L(z0 + t1b) > L(z0 + t2b) we have L(z0+t2b)
L(z0+t1b) < 1 ≤ λ2(η) as |t2 − t1| ≤

η

L(z0+t2b) . Therefore,
L(z0+t2b)
L(z0+t1b) ≤ λ2(η) as |t2−t1| ≤ η

min{L(z0+t1b),L(z0+t2b)} , i.e.,

(2) is fulfilled.
Choose η ∈ (η0,β ]. In view of monotonicity λb, λ b

1 , λ b
2 , we need to

prove (2) for η = β .

Then

λ
b
2 (β ) = sup

z∈Dn
sup{L(z+ tb)/L(z) : |t| ≤ β/L(z)}=

= sup
z∈Dn

sup

{
η0
β

L(z+ tb)
η0
β

L(z)
: |t| ≤ η0

η0
β

L(z)

}
= λ

b
2 (η0)<+∞,

because the constant multiplier η0
β
does not change property (2). If it holds for

the function L(z), then it holds for the function η0
β

L(z). Similarly, λ b
1 (β )> 0.

As above above for η ⩽ η0, we repeat considerations and again deduce
that λb(η)< ∞ for all η ∈ [0,β ].

The following lemma suggests possible approach to compose a function
belonging to Qb(Dn).

Lemma 2.1. Let Dn
= {z ∈ Cn : |z j| ⩽ 1, j ∈ {1,2, . . . ,n}}, L : Dn → R+

be a continuous function, m = min{L(z) : z ∈ Dn}. Then L̃(z) = β1
m · L(z) ·

max1⩽ j⩽n
|b j|

(1−|z j|)α ∈ Qb(Dn) for every b ∈ Cn \{0}, α ≥ 1, β1 > β .
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Proof. We will check condition (1) for all z ∈ Dn :

L̃(z) =
β1

m
·L(z) · max

1⩽ j⩽n

|b j|
(1−|z j|)α

>

>
β

m
·min{L(z) : z ∈ Dn} · max

1⩽ j⩽n

|b j|
(1−|z j|)α

⩾ β max
1⩽ j⩽n

|b j|
(1−|z j|)

,

Using the definition of Qb(Dn) we have ∀z ∈ Dn

λ
b
1 (z,η , L̃) = inf

{
max

1⩽ j⩽n

|b j|L(z+ tb)
(1−|z j + tb j|)α

min
1⩽ j⩽n

(1−|z j|)α

|b j|L(z)
:

|t| ≤ ηm
β1

min
1⩽ j⩽n

(1−|z j|)α

|b j|L(z)

}
≥

≥ inf
{

L(z+ tb)
L(z)

: |t| ≤ ηm
βL(z)

min
1⩽ j⩽n

(1−|z j|)α

|b j|

}
×

inf
{

min1⩽ j⩽n(1−|z j|)α/|b j|
min1⩽ j⩽n(1−|z j + tb j|)α/|b j|)

: |t| ≤ ηm
βL(z)

min
1⩽ j⩽n

(1−|z j|)α

|b j|

}
In view of Remark 1.1 the points z+ tb and z belong to the unit polydisc Dn.
But the function L(z) is positive continuous in Dn

. Thus, it is bounded and
non-vanished in Dn

. Thus, the first infimum is not lesser than a some constant
K > 0 which is independent from z. Besides, we have ∀z ∈ Dn and ∀t ∈ Dz

m
L(z) ≤ 1. Thus, for the second infimum the following estimates are valid

inf
{

min1⩽ j⩽n(1−|z j|)α/|b j|
min1⩽ j⩽n(1−|z j + tb j|)α/|b j|

: |t| ≤ ηm
βL(z)

min
1⩽ j⩽n

(1−|z j|)α

|b j|

}
≥

≥ inf
{

min1⩽ j⩽n(1−|z j|)α/|b j|
min1⩽ j⩽n(1−|z j + tb j|)α/|b j|

: |t| ≤ η

β
min

1⩽ j⩽n

(1−|z j|)α

|b j|

}
⩾

⩾ inf
{

min1⩽ j⩽n(1−|z j|)α

min1⩽ j⩽n(1−|z j + tb j|)α
: |t| ≤ η

β
min

1⩽ j⩽n

(1−|z j|)
|b j|

}
·

min1⩽ j⩽n |b j|
max1⩽ j⩽n |b j|

=

=

(
1−|zm|

1−|zs + t∗bs|

)α

·
min1⩽ j⩽n |b j|
max1⩽ j⩽n |b j|

.

where |t∗| ≤ η

β
min1⩽ j⩽n

(1−|z j|)
|b j| , m, s ∈ {1, . . . ,n}. Now we find lower esti-

mate for this fraction

1−|zm|
1−|zs + t∗bs|

≥ 1−|zm|
1−||zs|− |t∗bs||

≥ 1−|zm|
1−||zs|− η |bs|

β
min1⩽ j⩽n

(1−|z j|)
|b j| |

.
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Denoting u j = |z j| ∈ [0;1), γ = η

β
∈ [0,1], we consider a function of n real

variables

s(u) =
1−um

1−|us − γ|bs|min1⩽ j⩽n
1−u j
|b j| |

.

As in [2] it can be proved that the function s(u) is greater than 1
1+γ

|bs|
max1⩽ j⩽n |b j |

.

In fact, we proved that

λ
b
1 (z,η , L̃)≥

min1⩽ j⩽n |b j|
max1⩽ j⩽n |b j|

· 1

1+ η

β

|bs|
max1⩽ j⩽n |b j|

> 0.

Hence, we have λ b
1 (η , L̃) > 0. By analogy, it can be proved that λ b

2 (η , L̃) <
∞.

We often use the following properties Qb(Dn).

Lemma 2.2. (1) If L ∈ Qb,β (Dn) then for every θ ∈ C\{0} one has L ∈
Qθb,β/|θ |(Dn) and |θ |L ∈ Qθb,β (Dn)

(2) If L ∈ Qb1,β (D
n)
⋂

Qb2,β (D
n) and for all z ∈ Dn one has

L(z)> β max
1⩽ j⩽n

max{|b1, j|, |b2, j|, |b1, j +b2, j|}
1−|z j|

,

then min{λ
b1
2 (β ,L),λ b2

2 (β ,L)}L ∈ Qb1+b2,β (D
n).

Proof. 1. First, we prove that (∀θ ∈ C\{0}) : L ∈ Qθb,β (Dn). Indeed, we
have by definition

λ
θb
1 (z,η ,L) = inf

{
L(z+tθb)

L(z)
: |t|≤ η

L(z)

}
=

= inf
{

L(z+(tθ)b)
L(z)

: |θ t| ≤ |θ |η
L(z)

}
= λ

b
1 (z, |θ |η ,L).

Therefore, we get

λ
θb
1 (η ,L)= inf{λ θb

1 (z,η ,L) : z ∈ Dn}=
= inf{λ

b
1 (z, |θ |η ,L) : z ∈ Dn}=λ

b
1 (|θ |η ,L)>0,

because L ∈ Qb(Dn). Similarly, we prove that λ θb
2 (η ,L) < +∞. But |θ |η ∈

[0,β ]. So η ∈ [0,β/|θ |]. Thus, L ∈ Qθb,β/|θ |(Dn).
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Let L∗ = |θ | ·L. Using definition of λ b
1 (z,η ,L∗) we have

λ
θb
1 (z,η ,L∗)= inf

{
L∗(z+tθb)

L∗(z)
: |t|≤ η

L∗(z)

}
=

= inf
{
|θ |L(z+ tθb)

|θ |L(z)
: |t| ≤ η

|θ |L(z)

}
=

= inf
{

L(z+(tθ)b)
L(z)

: |θ t| ≤ η

L(z)

}
= λ

b
1 (z,η ,L).

Therefore, we obtain

λ
θb
1 (η ,L∗) = inf{λ

θb
1 (z,η ,L∗) : z ∈ Dn}=

= inf{λ
b
1 (z,η ,L) : z ∈ Dn}=λ

b
1(η ,L)>0,

because L ∈ Qb(Dn). Similarly, we prove that λ θb
2 (η ,L∗) = λ b

2 (η ,L) < +∞.
Thus, L∗ = |θ | ·L ∈ Qθb,β (Dn).

2. It remains to prove a second part.
In view of Remark 1.1, if z0 ∈ Dn and |t| ≤ η

L(z0)
then z0 + tb1 ∈ Dn and

z0 + tb2 ∈ Dn.
Denote L∗(z) = min{λ

b1
2 (β ,L),λ b2

2 (β ,L)} ·L(z). Assume that

min{λ
b1
2 (β ,L),λ b2

2 (β ,L)}=λ
b2
2 (β ,L).

Using definitions of λ b
1 (η ,L), λ b

2 (η ,L) and Qb(Dn) we obtain that

inf
{

L∗(z0 + t(b1 +b2))

L∗(z0)
: |t| ≤ η

L∗(z0))

}
≥

≥ inf
{

L∗(z0 + tb1 + tb2)

L∗(z0 + tb2)
: |t| ≤ η

L∗(z0)

}
×

× inf
{

L∗(z0 + tb2)

L∗(z0)
: |t| ≤ η

L∗(z0)

}
=

= inf
{

λ
b2
2 (β ,L)L(z0+tb1+tb2)

λ
b1
2 (β ,L)L(z0 +tb2)

: η/(λ b2
2 (β ,L)L(z0))

}
×

×inf{λ
b2
2 (β ,L)L(z0+tb2)/λ

b1
2 (β ,L)L(z0) : |t|≤η/λ

b2
2 (β ,L)L(z0)}=

= inf{L(z0 + tb1 + tb2)/L(z0 + tb2) : |t − t0| ≤ η/(λ b2
2 (β ,L)L(z0 +b2))}×

× inf{L(z0 + tb2)/L(z0) : |t| ≤ η/(λ b2
2 (β ,L)L(z0))} ≥

≥ inf{L(z0 + tb1 + tb2)/L(z0 + tb2) : |t| ≤ η/λ
b2
2 (β ,L)L(z0)}×
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× inf
{

L(z0 + tb2)

L(z0)
: |t − t0| ≤

η

L(z0)

}
≥

≥ inf

{
L(z0 + tb1 + tb2)

L(z0 + tb2)
: |t − t0| ≤

η

(λ b2
2 (β ,L)L(z0))

}
λ

b2
1 (z0,η ,L)≥

⩾ λ
b2
1 (η ,L)

L(z0 + t̂b1 + t̂b2)

L(z0 + t̂b2)
(3)

where t̂ is a point at which infimum is attained

L(z0+t̂b1+t̂b2)

L(z0+t̂b2)
= inf

{
L(z0+tb1+tb2)

L(z0+tb2)
: |t|≤ η

λ
b2
2 (β ,L)L(z0)

}
.

But L ∈ Qb2,β (D
n), then for all η ∈ [0,β ]

sup
{

L(z0 +tb2)

L(z0)
: |t|≤ η

L(z0)

}
≤λ

b2
2 (η ,L)<∞.

Hence, L(z0+ tb2)≤ λ
b2
2 (η ,L) ·L(z0), i.e. for t = t̂ we have L(z0)≥ L(z0+t̂b2)

λ
b2
2 (η ,L)

.

Using a proved inequality and (3), we obtain

inf{L∗(z0+t(b1+b2))/L∗(z0) : |t|≤η/L∗(z0)}≥

≥λ
b2
1 (η ,L)inf

{
L(z0+tb1+t̂b2)/L(z0 +t̂b2) : |t|≤ η

λ
b2
2 (β ,L)L(z0)

}
≥

≥λ
b2
1 (η ,L) inf

{
L(z0+tb1+t̂b2)

L(z0+t̂b2)
: |t|≤

ηλ
b2
2 (η ,L)

λ
b2
2 (β ,L)L(z0!+t̂b2)

}
≥

≥λ
b2
1 (η ,L) · inf{L(z0+tb1+t̂b2)/L(z0+t̂b2) : |t|≤η/L(z0+t̂b2)}=

=λ
b2
1 (η ,L)λ b1

1 (z0+t̂b2,η ,L)≥ λ
b2
1 (η ,L)λ b1

1 (η ,L).

Therefore, λ
b1+b2
1 (η ,L∗)≥ λ

b2
1 (η ,L)λ b1

1 (η ,L)> 0. By analogy, we can
prove that for all η ∈ [0,β ] one has λ

b1+b2
2 (η ,L∗)<+∞. Thus, the function

L∗ belongs to the class Qb1+b2,β (D
n).
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У теорiї голоморфних функцiй обмеженого L-iндексу за напрям-
ком b допомiжний клас додатних неперервних функцiй L є важливим
для опису властивостей голоморфних функцiй через деякi нерiвностi та
оцiнки, що мiстять функцiю L. Цей клас визначається локальним пово-
дженням функцiї L. У найпростiшому одновимiрному випадку функцiя
з цього класу не повинна локально змiнюватися надто швидко, тобто
L(r+O(1/L(r))) = O(L(r)) для r = |z| → +∞. Стаття присвячена ана-
логу цього класу функцiй для одиничного полiкруга, тобто для декарто-
вого добутку одиничних дискiв. Доведено еквiвалентнiсть трьох рiзних
пiдходiв до означення класу. Вiн описується локальною поводженням на
зрiзцi z+ tb для заданого z з одиничного полiкруга та фiксованого на-
прямку b, де комплексна змiнна t мiститься в деякому крузi з радiусом,
залежним вiд b та z. Цi оцiнки мають виконуватись рiвномiрно по всiх
z. Вказано можливий явний вигляд функцiй, що належать до цього кла-
су. А саме деякi з них можна задати як добуток довiльної додатної
неперервної функцiї, визначеної на замкненому одиничному полiкрузi, та
мiнiмуму виразiв 1/(1−|z j|) по всiх змiнних z j.

Ключовi слова: додатна неперервна функцiя, одиничний полiкруг,
крайове поводження, обмежений L-iндекс за напрямком.
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