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In theory of holomorphic functions having bounded L-index in a direc-
tion b an auxiliary class of positive continuous functions L is important to
describe properties of the holomorphic functions by some inequalities and
estimates containing the function L. This class is defined by local behav-
ior of the function L. In the simplest one-dimensional case, the function
should not vary locally too quickly, i.e. L(r+O(1/L(r))) = O(L(r)) for
r = |z| = 4. The paper is devoted an analog of this function class for
the unit polydisc, i.e. for the Cartesian product of the unit discs. There
is proved an equivalence of three different approaches to define the class.
It is described by the local behavior on the slice z+tb for given z from
the unit polydisc and for a fixed direction b, where the complex variable t
belongs to some disc with radius dependent on b and z. These estimates
must be fulfilled uniformly in all z. There is indicated a possible explicit
form of functions belonging to the class. The form is given as a product
of arbitrary positive continuous function defined in the closed unit polydisc
and the minimum of the expressions 1/(1—|z;|) in all variables z;.

Key words: positive continuous function; unit polydisc;, boundary be-
havior; bounded L-index in direction.
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1. Main definitions and notations
The paper is some addendum to paper [1]. There was introduced a notion of L-
index in a direction b € C*\ {0} for functions analytic in the unit polydisc. An
auxiliary class Op(D") is used to deduce meaningful results for the analytic
functions. Our goal is study properties of the class and describe partially
function belonging to the class. The presented results are analogs of results
obtained for n-dimensional complex space [3] and for the unit ball [2].

Let 0= (0,...,0),b=(by,...,b,) € C"\ {0} be a given direction, Ry =
(0,400), D" ={z€C":|zj| < 1,j€{1,2,...,n}} be a unit polydisc, L: D" —
R be a continuous function such that for all z = (z1,22,...,2,) € D"

L(z) > B max |b—j|', B = const > 1. (1)

Remark 1.1. Notice that if n € [0,B], z€ D" and |t| < 15 j then z+1b € D".
Indeed, using (1) we have

nib)l Blbjl

( ) maxi<s<n

. lb
o Skl
s J

1—|z4] 1—[zj]

=1.

|ZJ

Since for each j € {1,...,n} one has |zj+1tb;| < 1, the point z+tb is contai-
ned in the unit polydisc.

The positivity and continuity of the function L and condition (1) are
weak to explore the behavior of analytic function of bounded L-index in
direction. Below we impose an extra condition on behavior of the function L.

For a given point z € D" we denote D, = {r € C: z+1tb € D"}. In other

words, D, = {t € C: |t| < min;¢ <, |b|Z’|} Here if b; = 0 then we suppose

1- |Zj|

= +oo0. For n €0, B], ze D", we define

Ibjl
A=t { LS < L apn) —inf(ab e )z €7,
l;’(z,n):sup{ (Z?—;b) lt] < ?)}, A2(n) =sup{A2(z,n,L) : z€ D"}.
Denote

. L(Z—i—l‘lb). B n
M) = zseullgltlillepDz {L(z+tzb) =l < min{L(z+#;b),L(z+1:b)} }
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The notation Qp(D") stands for a class of positive continuous functions L :
D" — R, satisfying (1) and

(vn €10,B]) : An(M) < +-eo. 2

Actually it is enough to require validity of any inequality in (2) for one
value 1 € (0,8] (for n = 0 the inequality is trivial). If n = 1 then Q(D) =
01(D").

2. Properties of functions belonging to Oy (D")
Proposition 2.1. Let L: D" — R be a positive continuous function satisfying
condition (2). Then the following statements are equivalent:

() (Yn €[0,B]) : A(n) < oo
(2) (yn €[0,B]): 0<AP(N) <AP(M) < +oo;
(3) (€ (0,B]): 0<AP(M) < AP(N) < +eo.

Proof. The proof of this proposition is elementary and uses the definition of

the Ap(1), AP(M), AP (1)

1) = 2). Indeed, for n € [0,B] one has |¢]| < % < m <
1<j<nﬁzj|

. 1—|z . 1—|z; .
%mln1<j<n |b‘j i <minjgjgy #, that is € D,. Then

22(n) = sup sup {L(z+1b)/L(z) : || <n/L(2)} =

zehn
= sup sup{L(z+1b)/L(z+0b): [t 0| <n/L(z)} <
ZGD”
L(Z—f—llb) n }
< sup su — | — | < — =
ZEDFLI,QEDZ{L<z+rzb> S L T b), L+ b))
= Ap (1) < oo

Similarly, for AP(n) we obtain

AP(m) = Jnf inf{L(z+b)/L(2) : |t <n/L(2)} =

-1
= (sup sup{L(z+0b)/L(z+1tb) : [t —0| < T‘I/L(Z)}) <

zeDn

-1
L(z+1b) n }
< | sup su — |t < —
(ze]DP):l f ,zzepDz {L(Z +1b) | | min{L(z+1b),L(z+1b)}
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=1/Ap(M) <Aoo

2) = 3). It is obvious because 2) holds for all 1 € [0, ], and in 3) we
require validity for some 1 € (0, f].

3)=1).

Assume that (2) holds for some 1y € (0, B]. In this case inequality (2) is
true for all N < 1, because AP (1) is a decreasing function and A?(7) is an
increasing function.

Let n < no. Then L(z+1tb) < A,(n)L(z) for each [t| < %Z) and all z € D".
Putt =1 —t1, where t,1; € D,. Then L(z—t1b+t2b) < A (n)L(z) for all
[t — 11| < 76 and every z € D". Substltutmg z=272"+1b, we obtain L(z° +

1b) < A2 (n)L(z°+11b) for all |t — 11| < ) and every 2° € D", i.e., when

m
L(z°+11b) < L(z° +1,b) we have L(z +12b) <) as|nr—n| < And

L(z%+11b) L( 0+t b)"
when L(z° +#;b) > L(z° + ,b) we have Liz+b) <Ah(n)as|h—n|<

L(0+1 b)
Therefore, LEZO—I?:;; <A (n)as |t

n _ 1 -
L+1b)° 2—h| < min{L(20111b),L(D011b) ) -

(2) is fulfilled.

Choose 1 € (o, B]. In view of monotonicity Ay, lf’, l;’ , we need to
prove (2) for n = .

Then

2(B)= Sup sup {L(z+1b)/L(z) - [t| <B/L(2)} =
{ %L(zﬂb) o

b oo
W ||_TZ3°L()} A7 (M0) < oo,

= sup sup
zehn

because the constant multiplier %9 does not change property (2). If it holds for
the function L(z), then it holds for the function %QL(z). Similarly, AP(B) > 0.

As above above for 11 < 19, we repeat considerations and again deduce
that Ap (1) < o for all n € [0, B]. O

The following lemma suggests possible approach to compose a function
belonging to Oy (D").
Lemma 2.1. Let D" = {z € C": |z;| < 1,j € {1,2,...,n}}, L: D" —» R,
be a continuous function, m = min{L(z) : z € D"}. Then L(z) = % -L(z) -
bj n n
maxlgjgnﬁ € On(D") for every b€ C*\ {0}, a > 1, B; > B.
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Proof. We will check condition (1) for all z € D" :
= _ B 1,
Z g . . S —

B . b, ;]
> — -min{L eD"}- max > B max ———
m {L(z):2 b 1<j<n (1 —|zj])® ﬁl<]<n(1 —|zjl)’

Using the definition of Qp(D") we have Vz € D"

b biLEm) (1 [)"
L) =inf
Mo, =in {fé‘f‘i‘n<1—rz]+rb D BIL)
(04
|t]§n—m min A =lzD* }
Bi 1<j<n |b |L(z)
. (Z-Hb) . |Z/| }
> inf < m1
{Lu 1< ey min rb|
- .
mf{ L 1 T S R \zjl)}
b e M B

In view of Remark 1.1 the points z+ b and z belong to the unit polydisc D".
But the function L(z) is positive continuous in D". Thus, it is bounded and
non-vanished in D" Thus, the first infimum is not lesser than a some constant
K > 0 which is independent from z. Besides, we have Vz € D" and Vt € D,
I% < 1. Thus, for the second infimum the following estimates are valid
inf{ mini<jcn(1—2;) /10l 1)< (1= lz)* } S

N . n
miny << (1 — |z +1bj|)%/[b)] BL( Ji<j<n by

>inf{ min;<j<n(1 —[z;])%/|b;] < (1 —IZjl)“} <

— Uminigjcn(1— [z +1b;])%/1b; | - ﬁ 12ien by g

1nf{ mil’llgjgn(l—|2j|)a ‘ | 4 min ( _|Z]|)}. minl<]<n|bj’ —
minygjcn(1—[zj+1b; )% 77— ﬁ 1<j<n byl max i< j<n|bj]

:( 1 —[zm| )a,mln1<j<n|bj|

1—|Zs+l‘*bs| max1<j<n|bj|'
where |t*| < %minlgjgn%, m, s € {1,...,n}. Now we find lower esti-
mate for this fraction
1_|Zm‘ 1_‘Zm’ 1_|Zm|
L= |zg+%bs| = 1= |lzs| = |t*bs|| — 1 = llzs| — 22 min; —(17|Zj‘)|
B SIS b
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Denoting u; = |z;| € [0;1), ¥ = % € [0, 1], we consider a function of n real
variables

s(u) = :
1— |us - Y’bs|mln1<]<n [57]

1
|bs|
max1 g j<n )l

As in [2] it can be proved that the function s(u) is greater than ”
Y

In fact, we proved that

~ minj ¢ i<y |b; 1
A D> Mmsia b

. ' > 0.
maxigj<n |bj| 1+ %ma)q

|s|
<jsn ‘bj|

Hence, we have AP(n,L) > 0. By analogy, it can be proved that A2(n,L) <
oo, 0

We often use the following properties Qp(D").

Lemma 2.2. (1) If L € Oy, g(D") then for every 6 € C\{0} one has L €

Qon,p/|0|(D") and [8|L € Qgy, g (D")
(2) If L € Qp, g(D")Oy, p(D") and for all z € D" one has

}

max{ |by i|,|b2.i|,|b1.i + b2 ;
L(Z) > ﬁ llllax {| 11]| | 27]| | 1,j + 2,j
<j<n 1 —|zj]

b

then min{A)" (B,L),A}*(B,L)}L € Qp, .1, p(D").

Proof. 1. First, we prove that (V6 € C\{0}) : L € Qg g(D"). Indeed, we
have by definition

A9%(z,n,L) :inf{% el g%}:
. L(z+(t6)b) 6ln
—1nf{T 210t < m} = AP(z,0/n,L).

Therefore, we get
/Ileb(n,L) :inf{lf’b(z,n,L) zeD"} =
—inf{AP(z,16]n,L) : z € D"} =AP(|6]n,L) >0,

because L € Qp(D"). Similarly, we prove that A?P(n,L) < +oo. But |8|n €
[O,ﬁ] Sone [O7ﬁ/|9|] Thus, L € ngﬁ/‘g‘(]D)n)
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Let L* = |6 - L. Using definition of AP(z,n,L*) we have

AF"(z,n’Lﬂ:i“f{mIf*;é;)m : 'I'SL*L@}:

|0|L(z+160Db) n
f{ oLe S TeL }

:inf{ (z+(t9)b) \eygLi} AP(z,n,L).

L(z)

Therefore, we obtain

AP (L) = inf{ AP (2, L) 2 € D} =
= inf{AP(z,1,L) : 2 € D"} =AP(n, L) >0,

because L € Op(D"). Similarly, we prove that AP (n,L*) = A?(n,L) < +o.
Thus, L* = |0]-L € Qgp, g(D").

2. It remains to prove a second part.

In view of Remark 1.1, if 2% € D" and t| < < 7oy

ZO +tb, € D"
Denote L*(z) = min{A}" (B,L),A>*(B,L)} - L(z). Assume that

) then z0 +rb; € D" and

min{A}" (B,L), 23> (B,L)} =2, (B,L).

Using definitions of AP(n,L), A?(n,L) and Qp(D") we obtain that

(D@4 +b)) n
e {2 1 >
. [L*( +1by +1by) n
me{ C@rmy) 1= <>}X
. [(L*(Z° +1by) B
me{ L*(2%) H_L*(ZO)}

b, 0
= D L OB
xinf{Ay2 (B, L)L(z"+1b2) /A" (B,L)L(") : || <m /23> (B, L)L(Z’)} =
= inf{L(° + by +1by) /L(° +1by) : [t — 1] < N /(AX2(B,L)L(z° + b2))} x
xinf{L(z" +tby) /L(") : || < 1 /(A (B,L)L("))} >
> inf{L(z0+tb1 +tb2)/L(zO+tb2) e < n/ﬂtg’2 (ﬁ,L)L(zO)}x
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L(Z’+1b
xinf{%:\t—mK 1 }>

(2%) TL() S T
- L(ZO+tb1+tb2) e n by, 0
>i f{ L@ 1 1) [t —1o] < (lgz(B,L)L(zo))}M (z',m,L) >
L(z°+7b; +b,)

> A (n,L)

L(z0+1by) )

where 7 is a point at which infimum is attained

L(z%+fb; +iby) inf L(%+tby+1by) < n
L(z04-7by) L(z0+4-1by) T APB,0L) |

But L € Oy, g(D"), then for all n € [0, B]

0
su {%:mg%}gxg’zmix

Hence, L(2° +1by) < AX2(n,L)-L(z°), i.e. for t =1 we have L(z%) > L( fb2),

by

22 (

Using a proved inequality and (3), we obtain
inf{L*(2°+1 (b1 +b2)) /L* (") : [1| <n /L* ()} >
>AP(n,L inf{L Dby +b2) /L0 +1by) - || < " }2
1 (n,L) ( 1+ib2) /L( 2) |t < (B L)LE)

0 b2 L
> a(n,Lying { ECERLE) <o AR T
L(2+iby) AY2(B,L)L(0! +iby)

> AP (1, L) - inf{L(0+ by +7b2) /L +1by) : [t| < /L +iby)} =
— AP, DAL (1,1, L) > AP (n,L)AY (0, L).

Therefore, QLI"erz(n,L*) > l}”(n,L)l}”(n,L) > 0. By analogy, we can

prove that for all € [0,] one has /l; 172y L*) < o0, Thus, the function
L* belongs to the class O, 41, g(D"). O
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YV meopii’ conomopgpnux ¢ynxyiti oomesncenoco L-indexcy 3a nHanpsam-
kom b oonomixcnui knac 0ooamuux HenepepsHux (yukyit L € eaxcausum
OJIs1 ONUCY BIACMUBOCMEL 20IOMOPPHUX DYHKYIU uepe3 OesaKi HepigHocmi ma
oyinku, wo micmams @yuxyiro L. Lleti knac eusHauaemvcs 10KATbHUM NOBO-
Odrcennam Qyukyii' L. Y natinpocmiuiomy 00HO8UMIpHOMY 8UNAOKY (DYHKYIA
3 Yb020 KAACY He NOBUHHA JOKAILHO 3MIHIOBAMUCS HAOMO WBUOKO, MOoOmOo
L(r+O(1/L(r))) = O(L(r)) ona r = |z| — +oeo. Cmamms npuceavena ana-
J102Y Yb020 KNACY QYHKYIL 05l 0OUHUYHO20 NONIKpYed, mMobmo 0Jisi 0eKapmo-
6020 000YMKY OOUHUYHUX OUCKIB. [08€0eHO eK8IBAIeHMHICIb MPbOX PIZHUX
nioxodie 00 o3HayeHHs Kiacy. Bin onucyemvcs 10KanbHOWO NOBOONCEHHAM HA
3pizyi 7+1tb ona 3a0anozo z 3 oounuuHO2O nonikpyea ma @ikcosanoeo Ha-
npamky b, 0e KomniexcHa 3MiHHA t MICIMUMbCA 8 0EsAKOMY KPY3i 3 paodiycom,
sanedxchum 6i0 b ma z. Li oyinku maromes BUKOHY8AMUCH PIBHOMIDHO NO BCIX
Z. Brazano moorcnusutl aenuti 8uenso QyHKYil, wo Hanexcams 00 Yybo2o Kld-
cy. A came OesiKi 3 HUX MOJNCHA 3a0amu K 000YMoK 008LIbHOI 000AMHOI
HenepepsHoi’ (YyHKYII, 8USHAUEHOI HA 3AMKHEHOMY OOUHUYHOMY NOAIKPY3i, ma
minimymy eupasie 1/(1— |zj|) no ecix sminnux z;.

Knrouosi cnoea: dooamna nenepepena Qynxkyisi, oOUHUYHUL NONIKPYe,
Kpaiiose noBoOdiCeH s, oomexcerull L-iHOeKc 3a HanpsamKom.
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