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The article deals with Dirichlet series of the form F(z) = ∑
+∞

k=0 akezλk ,

as well as Taylor-Dirichlet series of the form F1(z) =
+∞

∑
k=0

zmkakezλk , where

(λk) is some sequence of pairwise different complex numbers, and
(
mk

)
is a sequence of non-negative integers, ak ∈ C. The main statements of
the work are Statements 1–3 and relate to the description and relationship
between the domains of convergence, absolute convergence, and the domains
of existence of the maximum term of the above series F and F1.

Key words: Taylor-Dirichlet series; abscissa of the existence of maxi-
mal term.

1. Introduction
Let T D(Λ,m) be the class of formal Taylor-Dirichlet series of the form

F(z) =
+∞

∑
k=0

akzmkezλk (1)

such that ak → 0 (k → +∞); here Λ = (λk) is some sequence of the non-
negative numbers λk ≥ 0 (k ≥ 0), and m =

(
mk

)
is a sequences of the non-

negative integer numbers, such that (λk,mk) ̸= (λ j,m j) for all k ̸= j, i.e. are
different two-dimensional vectors. In the case mk ≡ 0 we obtain a formal
Dirichlet series

F1(z) =
+∞

∑
k=0

akezλk (2)

and will write F1 ∈ D(Λ) = T D(Λ,0); T D := ∪Λ ∪m T D(Λ,m), D :=
∪ΛD(Λ). It is clear that D ⊂ T D .
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The convergence sets of Dirichlet series F1 ∈ D(Λ) of form (2) with the
complex exponents Λ have been studied by many authors. For example, such
series were studied in the articles of W. Schnee [1, 2, 3], G.H. Hardy & M.
Riesz [4], J.F. Ritt [7], E. Hille [8], J. Micusiński [9], T.M. Gallie [10, 11],
G. Peyser [13], M.R. Kuryliak, O.B. Skaskiv [15] etc. J.F. Ritt [7] considered
the Dirichlet series with the complex exponents in the context of a differential

equation of infinite order under the constraint that the series
+∞

∑
k=1

1/|λk| should

be convergent, but at the same time does not impose any restrictions on the
arguments λn, which other authors in the topic do. J. Micusiński [9] consi-
dered the Dirichlet series of the form (1) by the condition lim

n→+∞

ℜλn
lnn = +∞.

E. Hille [8] and some others authors (see, for example [12]) considered series
under the condition τ(Λ) := lim

n→+∞

lnn
|λn| <+∞ and, in particular, in the case of

τ(Λ) = 0 (see also [12], where considered the series of form (1)). Note that

the condition lim
n→+∞

ℜλn
lnn =+∞ also implies τ(Λ) = 0. The condition

+∞

∑
k=1

1/|λk|

implies that lim
n→+∞

n
|λn| = 0, that is again τ(Λ) = 0. G. Peyser [13] considered

multiple Dirichlet series with the complex exponents.
For a formal Taylor-Dirichlet series F ∈ D(Λ) of form (1) we denote

Dµ(F), Dc(F), Da(F) the set of the existence of maximal term µ(z,F) =

max{|ak||z|mkeℜ(zλk) : k ≥ 0}, the set of the convergence and the set of the
absolute convergence of the series (1), respectively; Gµ(F)=Dµ(F)\∂Dµ(F)
and, Gc(F) = Dc(F)\∂Dc(F) and Ga(F) = Da(F)\∂Da(F) are the domains
of the convergence and the absolute convergence, respectively.

It easy to see that Da(F)⊂Dc(F)⊂Dµ(F), Ga(F)⊂Gc(F)⊂Gµ(F).
In article [12], it was investigated the domain of absolute convergence

of the series of form

F(z) =
+∞

∑
k=1

mk−1

∑
n=0

dk,nkznezλk , (3)

where (λk) is a sequence of complex numbers ordered by nondecreasing
moduli, λk → ∞ when k → +∞, and mk are natural numbers. Let (ξk) be
the sequence such that ξ jk+1 = ξ jk+2 = . . . = ξ jk+mk = λk for all (k ≥ 1),
and nΛ(t) = ∑|λk|≤t 1, nξ (t) = ∑|ξk|≤t 1 be the counting fuctions of sequences
(|λk|), (|ξk|), respectively. It easy to see that nΛ(t) ≤ nξ (t) ≤ ∑|λk|≤t mk for
all t > 0.

Remark 1.1. 1) If mk ≤ |λk| (k ≥ 1) then
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nΛ(t)≤ nξ (t)≤ ∑|λk|≤t mk ≤ t ·nΛ(t) (t > 0).
2) If mk ≤ nΛ(|λk|) (k ≥ 1) then

nΛ(t)≤ nξ (t)≤ ∑|λk|≤t mk ≤
(
nΛ(t)

)2
(t > 0).

3) If mk ≤ e|λk|η (k ≥ 1), η ∈ (0,1), then
nΛ(t)≤ nξ (t)≤ ∑|λk|≤t mk ≤ etη

nΛ(t) (t > 0).

All main statements in article [12] are proved under the following two
conditions

m(Λ) := lim
k→+∞

mk

λk
= 0, τ(ξ ) := lim

t→+∞

lnnξ (t)
t

= 0.

In fact, if m(Λ) = 0, then by Remark 1, 1) we obtain τ(ξ ) = 0 ⇐⇒
τ(Λ) = 0. By the way, in the other two cases from Remark 1, this statement
is also correct.

2. Main results
Let us first consider the case when condition

λk = o(mk) (k →+∞) (4)

is fulfilled, that is m(Λ) = ∞.

Proposition 2.1. Let F ∈T D(Λ,m) be of form (1). If condition (4) is fulfilled
and lnk = o(mk) (k → +∞) then Ga(F) = Gc(F) = Gµ(F) = DR := {z ∈
C : |z|< R}, where lnR = lim

k→+∞

− ln |ak|
mk

.

Proof. Since, by condition (4)

lim
k→+∞

(
ln |ak|+mk ln |z|+ℜ(zλk)

)
mk

=− lnR+ ln |z|=: lnq(z)< 0

for all z ∈ DR, then for fixed z ∈ DR and given enough small ε > 0 such that
ε1 = ln

(
1+ ε

q(z)

)
> 0 we get lnq(z)+ ε1 < 0 =⇒ q(z)+ ε < 1 and

|ak||z|mkeℜ(zλk) < (q(z)+ ε)mk (k ≥ k0).

But the condition lnk = o(mk) (k →+∞) implies that
+∞

∑
k=k0

(q(z)+ε)mk <+∞.

Hence, z ∈ Ga(F), that is DR ⊂ Ga(F).
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If |z|> R then − lnR+ ln |z|= lnq(z)> 0. For fixed z ∈DR and for given
ε ∈ (0,1−q(z)) we put ε1 =− ln

(
1− ε

q(z)

)
there exists a sequence k j →+∞

( j →+∞) such that(
ln |ak|+mk ln |z|+ℜ(zλk)

)
mk

> lnq(z)− ε1 > 0 (k = k j, j ≥ 1).

But, q(z)− ε = q(z)e−ε1 > 1. Therefore,

|ak||z|mkeℜ(zλk) > (q(z)− ε)mk ≥ 1 (k = k j, j ≥ 1).

So, |ak||z|mkeℜ(zλk) ̸→ 0 (k →+∞), that is z /∈ Gµ(F). Finally, we obtain

DR ⊂ Ga(F)⊂ Gc(F)⊂ Gµ(F)⊂ DR,

i.e. Ga(F) = Gc(F) = Gµ(F) = DR.

Proposition 2.2. Let F ∈ T D(Λ,m) be of form (1) and F1 ∈ D(Λ) be of
form (2). If max{mk, lnk}= o(ln |ak|) (k →+∞) then

Ga(F)⊂ Gc(F)⊂ Gµ(F) = Gµ(F1) = Ga(F1) = Gc(F1).

Proof of Proposition 2.2. Recall that by definition F ∈T D(Λ,m) =⇒ ak →
0 (k →+∞). Thus, for a given z∈C, ln |ak|+mk ln |z| ≤ (1−ε) ln |ak| for arbi-
trary ε ∈ (0,1) and for all k ≥ k0(z). Hence, if z ∈ Gµ(F) then there exists
r > 0 such that Dr(z) := {τ : |τ − z| ≤ r} ⊂ Gµ(F). Consider ε = ε(z) :=

r
|z|+r ∈ (0,1/2), so |z− z

1−ε
|= |z|ε

1−ε
= r, i.e. z

1−ε
∈ Dr(z)⊂ Gµ(F). Thus,

ln |ak|+mk ln |z|+ℜ(zλk) = (1+o(1)) ln |ak|+ℜ(zλk)≤

≤ (1− ε) ln |ak|+ℜ(zλk) = (1− ε)
(

ln |ak|+ℜ
zλk

1− ε

)
→−∞ (k →+∞),

that is z ∈ Gµ(F). So, Gµ(F)⊂ Gµ(F1).
And vice versa. If z ∈ Gµ(F1) \ {0} then there exists r > 0 such that

Dr(z) ⊂ Gµ(F1). We will choose again ε = ε(z) := r
|z|+r ∈ (0,1/2). Then,

|z− z
1+ε

|= |z|ε
1+ε

= r, i.e. z
1+ε

∈ Dr(z)⊂ Gµ(F1). Thus,

ln |ak|+ℜ(zλk) = ln |ak|+(1− ε)mk ln |z|+ℜ(zλk)− (1− ε)mk ln |z| ≤
≤ (1− ε) ln |ak|+(1− ε)mk ln |z|+ℜ(zλk) =

= (1− ε)
(

ln |ak|+mk ln |z|+ℜ
zλk

1− ε

)
→−∞ (k →+∞),

that is z ∈ Gµ(F). So, Gµ(F1)\{0} ⊂ Gµ(F)\{0}.
It remains to note that 0 ∈ Gµ(F) and 0 ∈ Gµ(F1).

Finally, by [15, Corollary 7] (see also [16, Remark 6]) Gµ(F)=Gµ(F1)=
Ga(F1) = Gc(F1).
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Proposition 2.3. Let Λ be a sequence of the non-negative real numbers, F ∈
T D(Λ,m) be of form (1) and F1 ∈ D(Λ) be of form (2). If max{mk, lnk}=
o(ln |ak|) (k →+∞) then

Ga(F) = Gc(F) = Gµ(F) = Gµ(F1) = Ga(F1) = Gc(F1) = Πα0 := {z : ℜz < α0},
where

α0 := lim
k→+∞

− ln |ak|
λk

.

Proof of Proposition 2.3. By Proposition 2.2

Ga(F)⊂ Gc(F)⊂ Gµ(F) = Gµ(F1) = Ga(F1) = Gc(F1).

In the case λk ≥ 0 (k≥ 0) (see [14, Proposition 3], [15, Corollary 1]) Gµ(F1)=
Πα0 , so also Gµ(F) = Πα0 .

It remains to prove that Gµ(F) ⊂ Ga(F). Indeed, assume that α0 ̸= ∞

and consider a point z0 such that ℜz0 = α0−2ε for an arbitrary ε > 0. Since,
by condition, ak → 0 (k →+∞), α0 ≥ 0. If α0 > 0 then λk <

− ln |ak|
α0−ε

(k ≥ k0)

for given arbitrary ε ∈ (0,α0/2). Then,

ln |ak|+mk ln |z0|+λkℜz0 <
(

1− α0 −2ε

α0 − ε

)
ln |ak|+mk ln |z0|=

= (1+o(1))
ε

α0 − ε
ln |ak| ≤ (1− ε)

ε

α0 − ε
ln |ak|

as k → +∞. But, by condition, − ln |ak| > 1
ε1

lnk (k ≥ k1), where ε1 > 0 is

arbitrary. We put ε1 =
α0−ε

2(1−ε)ε . Hence,

ln |ak|+mk ln |z0|+λkℜz0 <−2lnk (k ≥ k2).

Therefore,
+∞

∑
k=k2

|ak||z0|mkeλkℜz0 <
+∞

∑
k=k2

1
k2 <+∞,

that is z0 ∈ Ga(F). So, Gµ(F)⊂ Ga(F) and, finally, Gµ(F) = Ga(F).

If α0 =+∞, we consider a point z0 ∈ C. Then λk <
− ln |ak|

E (k ≥ k0) for
given arbitrary E > 0 and

ln |ak|+mk ln |z0|+λkℜz0 <
(

1− 1
E

)
ln |ak|+mk ln |z0|=

= (1+o(1))
E −1

E
ln |ak| ≤ −(1− ε)

E −1
E

ln |ak| (k →+∞). (5)
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But, by condition, ln |ak|<−1
ε

lnk (k ≥ k1), where ε is arbitrary. Let’s choose
E > 0 and ε > 0 such that (1−ε)(E−1) = 2Eε . For this, it is enough to take,
for example, ε = 1/5,E = 2. Then from inequality (5) we obtain ln |ak|+

mk ln |z0|+λkℜz0 < −2lnk (k ≥ k2), hence
+∞

∑
k=k2

|ak||z0|mkeλkℜz0 <
+∞

∑
k=k2

k−2 <

+∞. This is again Gµ(F)⊂ Ga(F) and Gµ(F) = Ga(F) = C.
We assume now that α0 = 0. Then, for each point z0 such that ℜz0 =−ε

for an arbitrary ε > 0 we get

ln |ak|+mk ln |z0|+λkℜz0 < ln |ak|+mk ln |z0|= (1+o(1)) ln |ak| (k →+∞).

Next, it is easy, as above, to obtain that z0 ∈ Ga(F). Therefore, Gµ(F) ⊂
Ga(F) and Gµ(F) = Ga(F) = Π0.
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У статтi розглядаються ряди Дiрiхле вигляду F(z) =
+∞

∑
k=0

akezλk , а

також ряди Тейлора-Дiрiхле вигляду F1(z) =
+∞

∑
k=0

zmkakezλk , де (λk) — деяка

послiдовнiсть попарно рiзних комплексних чисел чисел, а
(
mk

)
— послi-

довнiсть невiд’ємних цiлих чисел, ak ∈ C. Основними твердженнями ро-
боти є Твердження 1–3, що стосуються описання областей збiжностi,
абсолютної збiжностi i областi iснування максимальних членiв вказаних
вище рядiв F i F1, а також спiввiдношень мiж ними.

Ключовi слова: ряди Тейлора-Дiрiхле, абсциса iснування максималь-
ного члена.
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