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The article deals with Dirichlet series of the form F(z) = ¥,/ ageM,

o0
as well as Taylor-Dirichlet series of the form Fi(z) = Y. 2™ae*, where

(Ax) is some sequence of pairwise different complex numbers, and (mk)
is a sequence of non-negative integers, ay € C. The main statements of
the work are Statements 1-3 and relate to the description and relationship
between the domains of convergence, absolute convergence, and the domains
of existence of the maximum term of the above series F and F.

Key words: Taylor-Dirichlet series; abscissa of the existence of maxi-
mal term.

1. Introduction
Let .7 2(A,m) be the class of formal Taylor-Dirichlet series of the form

~+oo
F(o)= Y a et (1)
k=0

such that a; — 0 (k — +o0); here A = (A;) is some sequence of the non-
negative numbers A; >0 (k> 0), and m = (my) is a sequences of the non-
negative integer numbers, such that (A, my) # (A;,m;) for all k # j, i.e. are
different two-dimensional vectors. In the case m; = 0 we obtain a formal
Dirichlet series

+oo
Fi(z) =Y age )
k=0

and will write F1 € Z2(A) = T2(A,0); TP := Up\Um T Z(A,m), I =
UrZ(A). Tt is clear that  C T 9.
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The convergence sets of Dirichlet series F] € Z(A) of form (2) with the
complex exponents A have been studied by many authors. For example, such
series were studied in the articles of W. Schnee [1, 2, 3], G.H. Hardy & M.
Riesz [4], J.F. Ritt [7], E. Hille [8], J. Micusinski [9], T.M. Gallie [10, 11],
G. Peyser [13], M.R. Kuryliak, O.B. Skaskiv [15] etc. J.F. Ritt [7] considered
the Dirichlet series with the complex exponents in the context of a differential

~+o0
equation of infinite order under the constraint that the series Y, 1/|A| should
k=1

be convergent, but at the same time does not impose any restrictions on the
arguments A,, which other authors in the topic do. J. Micusinski [9] consi-

dered the Dirichlet series of the form (1) by the condition liT 91{/1” = +-o0.
n—y—o0

nn
E. Hille [8] and some others authors (see, for example [12]) considered series

under the condition 7(A) := EE a"‘ < oo and, in particular, in the case of
n——+oo |n
T(A) = 0 (see also [12], where considered the series of form (1)). Note that
—+oo
the condition LHE Eﬁﬁf = oo also implies 7(A) = 0. The condition Y, 1/|A;|
n—yteo k=1

implies that nEToo | y = 0, that is again T(A) = 0. G. Peyser [13] considered

multiple Dirichlet series with the complex exponents.

For a formal Taylor-Dirichlet series F € Z(A) of form (1) we denote
Dy(F), D:(F), Dy(F) the set of the existence of maximal term u(z,F) =
max{|ag||z|™e® ) : k > 0}, the set of the convergence and the set of the
absolute convergence of the series (1), respectively; G, (F) =Dy (F)\dDy(F)
and, G.(F) =D.(F)\ dD.(F) and G,(F) = D4(F)\ dD4(F) are the domains
of the convergence and the absolute convergence, respectively.

It easy to see that D, (F) C D.(F) CDy(F), Ga(F)CG(F)C Gyu(F).

In article [12], it was investigated the domain of absolute convergence
of the series of form

400 my—1

F2)=Y Y dgnk'e™, 3)

k=1 n=0

where (A;) is a sequence of complex numbers ordered by nondecreasing
moduli, A4 — oo when k — oo, and my are natural numbers. Let (§;) be
the sequence such that §; 1 =&j10 =...=&jym = A& for all (k> 1),
and np (1) = Xjp, < 1> ne(t) = Xjg < 1 be the counting fuctions of sequences
([A]), (|Ekl), respectively. It easy to see that na(t) < ng(t) < Yz, <, mx for
all r > 0.

Remark 1.1. 1) If my < |A| (k> 1) then
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na(t) <ng(t) <Y <emi <t-na(t) (t>0).
2) If my < np(JA]) (k>1) then

nA(t) < net) < Tpaaomi < (na(1)* (1> 0).
3) Ifmy <M (k>1),n€(0,1), then

na(t) <ng(t) <L cme <€ nalt) (t>0).

All main statements in article [12] are proved under the following two
conditions

o ﬂ B L hll’lg (l‘) B
m(A) = kliTw ph =0, 7(&) '_tEToo ; =0.

In fact, if m(A) =0, then by Remark 1, 1) we obtain 7(§) =0 <
7(A) = 0. By the way, in the other two cases from Remark 1, this statement
is also correct.

2. Main results
Let us first consider the case when condition

Ja=olmy) (k> +) @
is fulfilled, that is m(A) =

Proposition 2.1. Let F € 7 2(A,m) be of form (1). If condition (4) is fulfilled
and Ink = o(my) (k — +oo) then G4(F) = G¢(F) = Gu(F) =Dr :={z €
C: |z| < R}, where InR = lim —nja

k—+-o0

Proof. Since, by condition (4)

T (Inak| + mgIn|z| + R(zA))

= —InR+Inl|z] =:Ing(z) <0
k—>+oo my,

for all z € Dg, then for fixed z € Dg and given enough small € > 0 such that
€ :ln(l—i—ﬁz)) >0 we getIng(z) +& <0 = ¢(z) +e<1and

Jag |2 R M) < (g(z) + €)™ (k > ko).

o0

But the condition Ink = o(my,) (k — +oo) implies that Y, (g(z) + €)™ < 0.
ke=ko

Hence, z € G,(F), that is Dg C G,(F).
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If |z| > R then —InR+1In|z| =1ng(z) > 0. For fixed z € Dg and for given
€(0,1—¢(z)) weput & = —In (1 — ﬁ) there exists a sequence kj — +oo
(j = oo) such that
(In|ag| +myInlz] +R(zAy))
my

But, g(z) — € = g(z)e# > 1. Therefore,

>Ing(z)—& >0 (k=kj, j>1).

a2 > (q) —e)™ 21 (k=1kjj>1).

So, |ag||z|eX) £ 0 (k — +o0), that is z ¢ G, (F). Finally, we obtain
Dr C Gu(F) C Ge(F) C Gy(F) C Dp,
i.e. Go(F) = G.(F) = Gy(F) = D. 0
Proposition 2.2. Let F € 7 2(A,m) be of form (1) and Fy € Z(A) be of
Sform (2). If max{my,Ink} = o(In|ai|) (k — +oo) then
Ga(F) C GC(F) C Gu(F) = G,LL<F1) = Ga(Fl) = GC(F1>.

Proof of Proposition 2.2. Recall that by definition F € 7 2(A,m) — a; —
0 (k— +o0). Thus, for a given z € C, In|ag| +myIn|z| < (1 —€)In|ay| for arbi-
trary € € (0,1) and for all k > ko(z). Hence, if z € Gy (F) then there exists
r >0 such that D,(z) := {7: [T —z] <r} C Gy(F). Consider € = &(z) :=

|Z|+r € (0,1/2), 50 |z— 15| = 1= |Z|s =r,ie % €D, (z) C Gy(F). Thus,

In|ag| +myIn |z + R(zA) = (14 0(1)) In|ax| + R(zA) <

< (1—g)Inja| +R(z4) = (1 —¢€)(In Zﬁks) — —oo (k= Fo0),

that is z € Gy (F). So, Gy (F) C Gyu(F1).
And vice versa. If z € Gy (F;) \ {0} then there exists » > 0 such that
D,(z) C Gyu(F1). We will choose again € = £(z) := € (0,1/2). Then,

2 155 = ££ =1, ie. 15 € Dy(z) C Gu(F). Thus,

In|ag |+ R(zAx) = Inlag| + (1 — €)myIn|z| + R(zA,) — (1 — €)my In|z| <
< (1—¢)Inlag| + (1 — &)myIn|z| + R(zA) =

:(1—8)<1n|ak|—|—mkln lsze) oo (k= o),
that is z € Gy (F). So, Gy (F1) \ {0} C G, (F)\ {0}.
It remains to note that 0 € G, (F) and 0 € G (Fy).
Finally, by [15, Corollary 7] (see also [16, Remark 6]) G, (F)=Gy(F1) =
Gu(F) = G.(F)). 0
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Proposition 2.3. Let A be a sequence of the non-negative real numbers, F €
T P(A,m) be of form (1) and F\ € D(A) be of form (2). If max{my,Ink} =
o(In|ag|) (k — +oo) then

Gu(F)=Gc(F)=Gu(F)=Gu(F1) =Gu(F1) = Ge(F1) =gy :={z: Rz< ap},

where
—In ay|

k—>—+oo0 k

Proof of Proposition 2.3. By Proposition 2.2

Ga(F> C GC(F) C Gp_(F) = G‘U(Fl) = Ga(Fl) = GC(Fl).
In the case Ax > 0 (k> 0) (see [14, Proposition 3], [15, Corollary 1]) Gy (F) =
g, so also G, (F) =1lg,.

It remains to prove that G, (F) C G4(F). Indeed, assume that o # oo
and consider a point zg such that Rzg = oy — 2¢€ for an arbitrary € > 0. Since,
by condition, a;y — 0 (k — +o0), 09 > 0. If o9 > 0 then A < m'“"‘ (k > ko)
for given arbitrary € € (0,00/2). Then,

—2¢
In|ag| + miIn|zo| + 4Rzo < (1 - 0;00_8 >ln|ak| +myIn|z| =

S E
=(1 1 1 <(l—¢ |
(1+o( ))ao—e na| < ( )oco—s n |ay|
as k — +oo. But, by condition, —In|a;| > g—lllnk (k > ky), where & >0 is

arbitrary. We put & = 2(0{0_—_88)8 Hence,
ln|ak| +mkln|Z0| + 4 Rzo < —21Ink (k > kz)

Therefore,
Y laxlal e < ¥ L <
k=ky k=ky

that is zo € G4(F). So, G (F) C G4(F) and, finally, G, (F) = G4(F).

If oy = +oo0, we consider a point zo € C. Then A; < ln‘a"| (k > ko) for
given arbitrary £ > 0 and

1
In |ag| -+ my In|20] + LRz < (1 - E) In |ag| -+ my In |zo] =

— (o)  mpal < —1-0)F el k4. ©)
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But, by condition, In|ay| < —1Ink (k > k;), where € is arbitrary. Let’s choose

E >0 and € > 0 such that (1 —¢€)(E — 1) = 2Ee¢. For this, it is enough to take,

for example, € = 1/5,E = 2. Then from inequality (5) we obtain In|a;| +
oo oo

miIn|zo| + 4Rzo < —2Ink (k> ky), hence ¥ |ay||zo|™ ™0 < ¥ k2 <
k=ky k=k;

+oo. This is again G, (F) C G4(F) and G, (F) = G,(F) =C.

We assume now that oy = 0. Then, for each point zg such that Rzy = —¢
for an arbitrary € > 0 we get

ln\ak\ +mkln\zo\ + A4 NRzp <In ]ak] +mkln\zo\ = (1 +0(1))ln ]ak] (k—> —I—OO).

Next, it is easy, as above, to obtain that zo € G,(F). Therefore, G, (F) C
Go(F) and G, (F) = G4(F) =Tl,. 0
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~+oo
YV emammi posensoaiomvcs psiou [dipixae euensoy F(z) = age a
k=0

~+oo
maxooic paou Tetinopa-Lipixne euznady Fi(z) = ¥, 7" age™, de (Ay) — desxa

NOCNIO08HICMb NONAPHO PI3HUX KOMWJIEKCHUX ducel ducel, d (mk) — nocri-
0ogHicmb Hesid 'emuux yinux yucen, ai € C. Ocnognumu meepoxceHHAMU PoO-
bomu € Teepooicenns 1-3, wo cmocyromvcs onucauts oonracmeul 30iHCHOCMI,
abcontomuoi 30ixcHocmi i 0onacmi iICHy8aHHA MAKCUMATbHUX YJIeHI8 6KA3AHUX
suwe psoie F i F|, a makooc cniggioHoueHb Midic HUMU.

Knrouoei cnosa: psou Teiinopa-/ipixne, abcyuca icHy8aHHs MAKCUMATb-
HO2O UjleHa.
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