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In the paper we investigate properties of class of slice entire functions
of several complex variables i.e. these functions are entire on every slice
{z + th:t € C} for an arbitrary z° € C* and for the fixed direction
b € C"\{0}. For a function F from this class we consider a slice function
g,(t) =F(z+th)(zeC",teC) and a directional derivative
0pF(2):=g' (0),0LF(2):= 8,()"'F(2)),p = 2. We show that if a joint
continuous function F belongs to this class then for any p € N the function
d} F also belongs to the class and is joint continuous. A similar result is also
obtained for functions which are slice holomorphic in the unit ball.

Keywords: slice entire function, slice holomorphic function, several
complex variables, unit ball, directional derivative.

The presented paper is some addendum to recent papers [1, 5]. There
was introduced a notion of boundedness of L-index in direction for two inter-
esting classes of functions: slice entire function of several complex variables
and slice holomorphic in the unit ball functions and obtained some criteria of
L-index boundedness in direction.

In the following papers [2, 4, 3] Bandura A., Skaskiv O. and Smolovyk L.
generalized many known results from theory of bounded index for entire
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functions. Their new results desribe properties of slice entire and slice holo-
morphic in the unit ball functions of bounded L-index in direction.

Let us remind some notations from [1, 2, ?]. Let R, = (0, +),
R} =[0,4),0 = (0, ...,0),b = (by, ..., b,) € C"\{0} be a given direciton.
The slice functions on a line {z° + tb:t € C} for fixed z° € C" we will de-
note as g,0(t) = F(z° + tb), where F: C" - C.

Let F;* be a class of functions which are holomorphic on every slice
{z° + tb:t € C} for each z% € C™ and let 7} be a class of functions from
FJ which are joint continuous. The notation dy, F (z) stands for the derivative

of the function g, (t) at the point 0, i.e., for every p € NoJ F(z) = ggp)(O),
where g,(t) = F(z + tb) is entire function of complex variable t € C for
given z € C". In this research, we will often call this derivative as directional
derivative because if F is entire function in C" then the derivatives of the
function g, (t) matches with directional derivatives of the function F.

The paper [1] contain the following sentences: "Please note that if
F € Hy then for every p € N d,F € . It can be proved by using of
Cauchy’s formula.” This fact was implicitly used in proof of many results
from [5, 1, 2, 4, 3]. In the presented paper we give a full proof of this fact.

Theorem 1. If F € 7' then for every p € No,F € H}. If F € H}'
then for every p € N, F € .

Proof. Since F is a slice entire function of several complex variables
we can consider a slice function g,(t) = F(z + tb) as entire function of va-
riable t € C. For the function g we write integral formula of Cauchy in the
following form

1 T 1 F(z+ b
F(z + tb) = g,(t) = f @O L[ EEED)

2 )=y T 211 ) 1= T
It is valid for any zeC"te Cr >0. One should observe that

0L F(z + tb) = g% (¢) for each p € N. Indeed,

_ @ _ p! 9z+tb(7) _ p! F(z+tb+tb)
agF(Z +th) = gzzj.tb(o) = o |T|=TT% = Eflﬂ:rTT dr.(1)
Changing variable T = s — t, we obtain

p! F(z + sb) p! 9,(s)
apF(z+tb)=—_ T ds = j T—ds=
b 2mi Jyg_j=y (s — )P 2mi i )=y (s — )P+
= g."(®).

Thus, the function o F is also slice entire, i.e. 9, F € .
Let F € 3, . This means that F is continuous in C"*. Then the equation
0P F(z + th) = p! J‘ TF(Z + tb + 7b)
b 21 J i =y TP+l
yields that 4} F(z + tb) is also continuous in C" for each p € N. Thus, the
function 8} F belongs to the class 3.
Theorem 1 is proved.

dt
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A similar result is also valid for slice holomorphic function in the unit
ball. This class of functions was firstly considered in [5]. A function
F:B™ — C is called a slice holomorphic in the unit ball function, if it is ana-
Iytic in the intersection of every slice {z° + tb:t € C} with the unit ball
B" = {z € C|z|: = /|z|} + - + |2,|? < 1} forany z° € B".

For a given z € B", we denote S, = {t € C:z + tb € B"}. Let H},(B")
be a class of functions which are holomorphic on every slices {z° + tb:t €
S,0} for each z° € B" and let Hy,(B™) be a class of functions from Hy, (B™)
which are joint continuous.

Theorem 2. If F € #,(B™) then for every p € NO,F € H,(B"). If
F € Hy,(B") then for every p € NO,F € H,(B™).

Proof of this theorem is similar to proof of Theorem 1 if we replace

ze(C"byzeB"and t € C by t € S,. There is only one difference in (1).
1—|z+tb|

This equation is valid for all » € (0; T) if F € Hy,(B").
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BJIACTUBOCTI KJIACIB IIVIUX HA 3PI3KAX d)YHKHIfI TA
OYHKIIU I'OJIOMOPPHUX HA 3PI3KAX B OJJUHUYHIN KYJII
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YV yiti cmammi docnidxcyiomvcs e1acmusocmi Kiacy yiiux Ha 3piskax
@DYHKYIT 0eKiNbKOX KOMNJIEKCHUX 3MIHHUX, MOOMO QYHKYIU, Wo € YinumMu Ha
koxcniii 3pizyi euenady {z°+th:t € C} ona Oosinbnozo z°€ C* i Ona
gikcosanoco wnanpsmky b€ C*'\{0}. [na ¢pyuxyii F 3 maxoeo xracy
88o0simbcs ynxyis 3pizku g, (t) = F(z + tb)(z € C", t € C) ma noxioui 3a
nanpsmxom 0pF (2): = g',(0), Obp F(2):=0 (abp_lF(z)), p = 2. Ilokaszyemo,
Wo AKWO HenepepsHa 3a CYKYnHicmio 3MIiHHUX @yukyis F uanesxcums 00
Yvbo2co Kaacy, mo 0 6yov-saxozco p € N ¢yuxyis a,j’ F maxooic nanesxcums 0o
Mo20 camozo K1acy i makolc HenepepsHa 3a cyKynricmio 3sminuux. 1100ionutl
Pe3VIbmam maxKoxc 6CManosieHull 018 QyHKYyill, wo 2010MOp@HI Ha 3pi3Kax
8 OOUHUYHII KYJIi.

Kniouosi cnosa:. yina na 3pisyi @yukyis, eoromoppua Ha 3pizyi
@DyHKYI, OeKilbKa KOMNIEKCHUX 3MIHHUX, OOUHUYHA KYs, HNOXIOHA 3d
HANPAMKOM.
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