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In the paper we investigate properties of class of slice entire functions 

of several complex variables i.e. these functions are entire on every slice 
{𝑧𝑧0 + 𝑡𝑡𝒃𝒃: 𝑡𝑡 ∈ ℂ} for an arbitrary 𝑧𝑧0 ∈ ℂ𝑛𝑛  and for the fixed direction 
𝒃𝒃 ∈ ℂ𝑛𝑛\{𝟎𝟎}. For a function 𝐹𝐹 from this class we consider a slice function 
𝑔𝑔𝑧𝑧(𝑡𝑡) = 𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝒃𝒃)(𝑧𝑧 ∈ ℂ𝑛𝑛 , 𝑡𝑡 ∈ ℂ) and a directional derivative 
𝜕𝜕𝒃𝒃𝐹𝐹(𝑧𝑧): = 𝑔𝑔′𝑧𝑧(0), 𝜕𝜕𝒃𝒃

𝑝𝑝𝐹𝐹(𝑧𝑧): = 𝜕𝜕𝒃𝒃(𝜕𝜕𝒃𝒃
𝑝𝑝−1𝐹𝐹(𝑧𝑧)), 𝑝𝑝 ≥ 2. We show that if a joint 

continuous function 𝐹𝐹 belongs to this class then for any 𝑝𝑝 ∈ ℕ the function 
𝜕𝜕𝒃𝒃
𝑝𝑝𝐹𝐹 also belongs to the class and is joint continuous. A similar result is also 

obtained for functions which are slice holomorphic in the unit ball.  
Keywords: slice entire function, slice holomorphic function, several 

complex variables, unit ball, directional derivative. 
 

The presented paper is some addendum to recent papers [1, 5]. There 
was introduced a notion of boundedness of 𝐿𝐿-index in direction for two inter-
esting classes of functions: slice entire function of several complex variables 
and slice holomorphic in the unit ball functions and obtained some criteria of 
𝐿𝐿-index boundedness in direction. 

In the following papers [2, 4, 3] Bandura A., Skaskiv O. and Smolovyk L. 
generalized many known results from theory of bounded index for entire 
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functions. Their new results desribe properties of slice entire and slice holo-
morphic in the unit ball functions of bounded 𝐿𝐿-index in direction. 

Let us remind some notations from [1, 2, ?]. Let ℝ+ = (0, +∞), 
ℝ+
∗ = [0, +∞), 𝟎𝟎 = (0, … ,0), 𝐛𝐛 = (𝑏𝑏1, … , 𝑏𝑏𝑛𝑛) ∈ ℂ𝑛𝑛\{𝟎𝟎} be a given direciton. 

The slice functions on a line {𝑧𝑧0 + 𝑡𝑡𝐛𝐛: 𝑡𝑡 ∈ ℂ} for fixed 𝑧𝑧0 ∈ ℂ𝑛𝑛  we will de-
note as 𝑔𝑔𝑧𝑧0 (𝑡𝑡) = 𝐹𝐹(𝑧𝑧0 + 𝑡𝑡𝐛𝐛), where 𝐹𝐹: ℂ𝑛𝑛 → ℂ. 

Let ℋ�𝒃𝒃𝑛𝑛  be a class of functions which are holomorphic on every slice 
{𝑧𝑧0 + 𝑡𝑡𝐛𝐛: 𝑡𝑡 ∈ ℂ} for each 𝑧𝑧0 ∈ ℂ𝑛𝑛  and let ℋ𝒃𝒃

𝑛𝑛  be a class of functions from 
ℋ�𝒃𝒃𝑛𝑛  which are joint continuous. The notation 𝜕𝜕𝐛𝐛𝐹𝐹(𝑧𝑧) stands for the derivative 
of the function 𝑔𝑔𝑧𝑧(𝑡𝑡) at the point 0, i.e., for every 𝑝𝑝 ∈ ℕ𝜕𝜕𝐛𝐛

𝑝𝑝𝐹𝐹(𝑧𝑧) = 𝑔𝑔𝑧𝑧
(𝑝𝑝)(0), 

where 𝑔𝑔𝑧𝑧(𝑡𝑡) = 𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝐛𝐛) is entire function of complex variable 𝑡𝑡 ∈ ℂ for 
given 𝑧𝑧 ∈ ℂ𝑛𝑛 . In this research, we will often call this derivative as directional 
derivative because if 𝐹𝐹 is entire function in ℂ𝑛𝑛  then the derivatives of the 
function 𝑔𝑔𝑧𝑧(𝑡𝑡) matches with directional derivatives of the function 𝐹𝐹. 

The paper [1] contain the following sentences: "Please note that if 
𝐹𝐹 ∈ ℋ𝒃𝒃

𝑛𝑛  then for every 𝑝𝑝 ∈ ℕ  𝜕𝜕𝐛𝐛𝐹𝐹 ∈ ℋ𝒃𝒃
𝑛𝑛 . It can be proved by using of 

Cauchy’s formula." This fact was implicitly used in proof of many results 
from [5, 1, 2, 4, 3]. In the presented paper we give a full proof of this fact. 

Theorem 1. If 𝐹𝐹 ∈ ℋ�𝒃𝒃𝑛𝑛  then for every 𝑝𝑝 ∈ ℕ𝜕𝜕𝒃𝒃𝐹𝐹 ∈ ℋ�𝒃𝒃𝑛𝑛 . If 𝐹𝐹 ∈ ℋ𝒃𝒃
𝑛𝑛  

then for every 𝑝𝑝 ∈ ℕ𝜕𝜕𝒃𝒃𝐹𝐹 ∈ ℋ𝒃𝒃
𝑛𝑛 . 

Proof. Since 𝐹𝐹 is a slice entire function of several complex variables 
we can consider a slice function 𝑔𝑔𝑧𝑧(𝑡𝑡) = 𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝐛𝐛) as entire function of va-
riable 𝑡𝑡 ∈ ℂ. For the function 𝑔𝑔 we write integral formula of Cauchy in the 
following form  

𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝐛𝐛) = 𝑔𝑔𝑧𝑧(𝑡𝑡) =
1

2𝜋𝜋𝜋𝜋
� ‍

|𝜏𝜏|=𝑟𝑟

𝑔𝑔𝑧𝑧(𝜏𝜏)
𝜏𝜏

𝑑𝑑𝑑𝑑 =
1

2𝜋𝜋𝜋𝜋
� ‍

|𝜏𝜏|=𝑟𝑟

𝐹𝐹(𝑧𝑧 + 𝜏𝜏𝐛𝐛)
𝜏𝜏

𝑑𝑑𝑑𝑑. 

It is valid for any 𝑧𝑧 ∈ ℂ𝑛𝑛, 𝑡𝑡 ∈ ℂ, 𝑟𝑟 > 0. One should observe that 
𝜕𝜕𝐛𝐛
𝑝𝑝𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝐛𝐛) = 𝑔𝑔𝑧𝑧

(𝑝𝑝)(𝑡𝑡) for each 𝑝𝑝 ∈ ℕ. Indeed,  
𝜕𝜕𝐛𝐛
𝑝𝑝𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝐛𝐛) = 𝑔𝑔𝑧𝑧+𝑡𝑡𝐛𝐛

(𝑝𝑝) (0) = 𝑝𝑝!
2𝜋𝜋𝜋𝜋 ∫ ‍|𝜏𝜏|=𝑟𝑟

𝑔𝑔𝑧𝑧+𝑡𝑡𝐛𝐛(𝜏𝜏)
𝜏𝜏𝑝𝑝+1 𝑑𝑑𝑑𝑑 = 𝑝𝑝!

2𝜋𝜋𝜋𝜋 ∫ ‍|𝜏𝜏|=𝑟𝑟
𝐹𝐹(𝑧𝑧+𝑡𝑡𝐛𝐛+𝜏𝜏𝐛𝐛)

𝜏𝜏𝑝𝑝+1 𝑑𝑑𝑑𝑑.(1) 
Changing variable 𝜏𝜏 = 𝑠𝑠 − 𝑡𝑡, we obtain  

𝜕𝜕𝐛𝐛
𝑝𝑝𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝐛𝐛) =

𝑝𝑝!
2𝜋𝜋𝜋𝜋

� ‍
|𝑠𝑠−𝑡𝑡|=𝑟𝑟

𝐹𝐹(𝑧𝑧 + 𝑠𝑠𝐛𝐛)
(𝑠𝑠 − 𝑡𝑡)𝑝𝑝+1 𝑑𝑑𝑑𝑑 =

𝑝𝑝!
2𝜋𝜋𝜋𝜋

� ‍
|𝑠𝑠−𝑡𝑡|=𝑟𝑟

𝑔𝑔𝑧𝑧(𝑠𝑠)
(𝑠𝑠 − 𝑡𝑡)𝑝𝑝+1 𝑑𝑑𝑑𝑑 =

= 𝑔𝑔𝑧𝑧
(𝑝𝑝)(𝑡𝑡). 

Thus, the function 𝜕𝜕𝐛𝐛
𝑝𝑝𝐹𝐹 is also slice entire, i.e. 𝜕𝜕𝐛𝐛𝐹𝐹 ∈ ℋ�𝐛𝐛𝑛𝑛 . 

Let 𝐹𝐹 ∈ ℋ𝐛𝐛
𝑛𝑛 . This means that 𝐹𝐹 is continuous in ℂ𝑛𝑛 . Then the equation  

𝜕𝜕𝐛𝐛
𝑝𝑝𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝐛𝐛) =

𝑝𝑝!
2𝜋𝜋𝜋𝜋

� ‍
|𝜏𝜏|=𝑟𝑟

𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝐛𝐛 + 𝜏𝜏𝐛𝐛)
𝜏𝜏𝑝𝑝+1 𝑑𝑑𝑑𝑑 

yields that 𝜕𝜕𝐛𝐛
𝑝𝑝𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝐛𝐛) is also continuous in ℂ𝑛𝑛  for each 𝑝𝑝 ∈ ℕ. Thus, the 

function 𝜕𝜕𝐛𝐛
𝑝𝑝𝐹𝐹 belongs to the class ℋ𝐛𝐛

𝑛𝑛 . 
Theorem 1 is proved. 
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A similar result is also valid for slice holomorphic function in the unit 
ball. This class of functions was firstly considered in [5]. A function 
𝐹𝐹:𝔹𝔹𝑛𝑛 → ℂ is called a slice holomorphic in the unit ball function, if it is ana-
lytic in the intersection of every slice {𝑧𝑧0 + 𝑡𝑡𝐛𝐛: 𝑡𝑡 ∈ ℂ} with the unit ball 
𝔹𝔹𝑛𝑛 = {𝑧𝑧 ∈ ℂ:|𝑧𝑧|: = �|𝑧𝑧|1

2 + ⋯+ |𝑧𝑧𝑛𝑛|2 < 1} for any 𝑧𝑧0 ∈ 𝔹𝔹𝑛𝑛 . 
For a given 𝑧𝑧 ∈ 𝔹𝔹𝑛𝑛 , we denote 𝑆𝑆𝑧𝑧 = {𝑡𝑡 ∈ ℂ: 𝑧𝑧 + 𝑡𝑡𝐛𝐛 ∈ 𝔹𝔹𝑛𝑛}. Let ℋ�𝐛𝐛(𝔹𝔹𝑛𝑛) 

be a class of functions which are holomorphic on every slices {𝑧𝑧0 + 𝑡𝑡𝐛𝐛: 𝑡𝑡 ∈
𝑆𝑆𝑧𝑧0 } for each 𝑧𝑧0 ∈ 𝔹𝔹𝑛𝑛  and let ℋ𝐛𝐛(𝔹𝔹𝑛𝑛) be a class of functions from ℋ�𝐛𝐛(𝔹𝔹𝑛𝑛) 
which are joint continuous. 

Theorem 2. If 𝐹𝐹 ∈ ℋ�𝒃𝒃(𝔹𝔹𝑛𝑛) then for every 𝑝𝑝 ∈ ℕ𝜕𝜕𝒃𝒃𝐹𝐹 ∈ ℋ�𝒃𝒃(𝔹𝔹𝑛𝑛). If 
𝐹𝐹 ∈ ℋ𝒃𝒃(𝔹𝔹𝑛𝑛) then for every 𝑝𝑝 ∈ ℕ𝜕𝜕𝒃𝒃𝐹𝐹 ∈ ℋ𝒃𝒃(𝔹𝔹𝑛𝑛). 

Proof of this theorem is similar to proof of Theorem 1 if we replace 
𝑧𝑧 ∈ ℂ𝑛𝑛  by 𝑧𝑧 ∈ 𝔹𝔹𝑛𝑛  and 𝑡𝑡 ∈ ℂ by 𝑡𝑡 ∈ 𝑆𝑆𝑧𝑧 . There is only one difference in (1). 
This equation is valid for all 𝑟𝑟 ∈ (0; 1−|𝑧𝑧+𝑡𝑡𝐛𝐛|

|𝐛𝐛|
) if 𝐹𝐹 ∈ ℋ�𝐛𝐛(𝔹𝔹𝑛𝑛). 
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ВЛАСТИВОСТІ КЛАСІВ ЦІЛИХ НА ЗРІЗКАХ ФУНКЦІЙ ТА 
ФУНКЦІЙ ГОЛОМОРФНИХ НА ЗРІЗКАХ В ОДИНИЧНІЙ КУЛІ 

А. І. Бандура, Л. М. Шегда 
Івано-Франківський національний технічний університет нафти і газу; 

вул. Карпатська 15, Івано-Франківськ, 76019, Україна;  
е-mail: andriykopanytsia@gmail.com, shegda.luba@gmail.com 

У цій статті досліджуються властивості класу цілих на зрізках 
функцій декількох комплексних змінних, тобто функцій, що є цілими на 
кожній зрізці вигляду {𝑧𝑧0 + 𝑡𝑡𝒃𝒃: 𝑡𝑡 ∈ ℂ} для довільного 𝑧𝑧0 ∈ ℂ𝑛𝑛 і для 
фіксованого напрямку 𝒃𝒃 ∈ ℂ𝑛𝑛 \{𝟎𝟎}. Для функції 𝐹𝐹 з такого класу 
вводяться функція зрізки 𝑔𝑔𝑧𝑧 (𝑡𝑡) = 𝐹𝐹(𝑧𝑧 + 𝑡𝑡𝒃𝒃)(𝑧𝑧  ∈ ℂ𝑛𝑛 , 𝑡𝑡  ∈ ℂ) та похідні за 
напрямком 𝜕𝜕𝒃𝒃𝐹𝐹(𝑧𝑧): = 𝑔𝑔′𝑧𝑧 (0), 𝜕𝜕𝒃𝒃

𝑝𝑝 𝐹𝐹(𝑧𝑧): = 𝜕𝜕𝒃𝒃(𝜕𝜕𝒃𝒃
𝑝𝑝−1𝐹𝐹(𝑧𝑧)), 𝑝𝑝 ≥ 2. Показуємо, 

що якщо неперервна за сукупністю змінних функція 𝐹𝐹 належить до 
цього класу, то для будь-якого 𝑝𝑝 ∈ ℕ функція 𝜕𝜕𝒃𝒃

𝑝𝑝 𝐹𝐹 також належить до 
того самого класу і також неперервна за сукупністю змінних. Подібний 
результат також встановлений для функцій, що голоморфні на зрізках 
в одиничній кулі.  

Ключові слова: ціла на зрізці функція, голоморфна на зрізці 
функція, декілька комплексних змінних, одинична куля, похідна за 
напрямком. 
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