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Here we prove two propositions providing sufficient conditions of
belonging positive continuous functions in C" to classes Q™ and Q. These
auxiliary classes plays important role in theory of entire functions of
bounded L-index in direction and bounded L-index in joint variables, where
L:C" - R,,L:C" - R} are continuous functions. They help to constuct
general theory of bounded index for very wide class of entire functions,
because for every entire functions with bounded multiplicities of zero points
there exists a corresponding function L or L providing boundedness of L-
index in direction or boundedness L-index in joint variables respectively. Our
result requires uniform boundedness of logarithmic derivative in all
variables z and Zz for belonging the function to class Q", j € {1, ...,n}.
Another result requires uniform boundedness of logarithmic derivative in
directions b and b for belonging the function to class @, where b is the
complex conjugate vector to b.

Keywords: positive continuous function, several complex variables,
partial logarithmic derivative, local behavior, complex conjugate.

1 Introduction

Let b € C*"\{0},L:C* -» R,,L:C* - R’}. The notions of boundedness
of L-index in direction and boundedness of L-index in joint variables are very
important in theory of holomorphic functions of several complex variables (see

ISSN 2304-7399. ITpukapnarcekwuii Bicauk HTII. Yucmo. — 2020. — Ne 1(59)



10 MATEMATHKA TA MEXAHIKA

more in [1, 2, 3]). The functions from these classes has many interesting
properties, describing its local behavior and its asymptotic behavior (as growth
estimates). Moreover, they have bounded value distribution in a some sense. To
construct flexible theory for these functions mathematicians assume some
restrictions by behavior of the functions L and L. Typically, L and L are positive
and continuous. But these restrictions are week. Therefore, there were introduced
auxiliary classes Qp and Q™ (see definitions below). In 2015, Prof. S.Yu.
Favorov set up a problem to describe functions from Qp by its differential
characteristics. Bandura A. and Skaskiv O. obtained some proposition of such
type in [4]. Below we formulate the statement as Proposition 1. A similar
proposition for functions Q™ was obtained in [5] (see below Lemma 1).

In 2018, Prof. S.Yu. Favorov noted that proofs of these assertions contain
gap. At the fact the proofs concern entire functions L and L even formulations of
the propositions contain condition that all first order partial derivative of the
vector-valued function L and first order derivative of the function L in the
direction b are continuous in C™. This gap can be removed by two approaches.

At the fist, the condition that ’L and L and their first order partial and
directional derivative are continuous’ can be replaced by the condition that
’the functions L and L are entire’. After such replacement the proofs of
propositions do not change and their conclusion are valid.

At the second, the condition ’L and L and their first order partial and
directional derivative are continuous’ can be extended by the additional
condition on the partial derivatives in variables z and derivative in the

direction b, where b is the complex conjugate vector to b and z is the
complex conjugate of z;, j € {1, ...,n}.

An implementation of the second approach is a goal of the presented
paper.

2 The class Qp
Forn >0,z € C*,b = (by, ..., b,) € C*\{0}and a positive continuous
function L: C* —» R, we define
AB(zn,L) =i f{—. t| < ——
P, L) = infi—p =l < 7
A, L) = inf{A?(z,n):z € C},
L(z + th) n
Ab ) IL = {— _}I
2(zm,L) = sup L) )
(1, L) = sup{A8(z,n,L):z € C"}.
By Q@p we denote the class of functions L which satisfy the condition
(vn = 0):0 < A°(n,L) < 28(n,L) < +oo. (1)
Let us denote Z—i = Z}‘J%bj. It was proved such a proposition on
]

L(z + th) n }

] <

sufficient conditions of belonging to class Qp in terms of differential
characteristics of functions.
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Proposition 1 (index-cos-sqrt) Let G ¢ C*,L: G — C and Z—; be
continuous functions in a domain G. If there exist numbers P > 0andc¢ > 0
such thatforall z € G

1 aL(z)
¢ +|L(2)] B
then for every n > 0 inequalities
Li(z+tb
0 < inf tl()Iég inf Ll((zftb)) <
ZEGz+t beg | STt ! 0
- Li(z + tb)
s Su su su —_— T
ZEE tgeg [t—to|< p n LI(Z + tob)
z+tgb€G “Li(z+tgb)

holds, where L{(z) = ¢ + |L(2)|. If, in addition, G = C" then L, € Qy.
Every complex function L:C" — C can be represented as L(z) =
u(x,y) + iv(x,y) with x € ]R”,y € R, z=x+iy,v:R*" > R,u: R*"* -

R. It is known that(,;3 ;(ZL — l—) Traditionally,
Zj

oL 1<6L+ _aL)
9z, 2\ox ' oy)
Therefore, we define

n
B ZT dL 5
where b; is a complex conjugate of by, i.e. for by = x; +iy; one has b; =
X% — iy, (%5, 5 € R).
Proposition 2 Let L: C" — C and g—;,g—% be continuous functions. If
there exist numbers P > 0 and c > 0 such that for all z € C*

|6L(z)
c+ IL(Z)I o
|aL(z)
c+ IL(Z)I a
then for every n > 0 inequalities
. _ Li(z + tb) Li(z + tb)
0<inf inf ———<sup sup —————
z€C |t|S#(Z) Li(2) ze(cn|t|5% Li(2)

hold, where L1(z) = ¢ + |L(2)|,c € R,. And L; € Q.

Proof of Proposition 2. Clearly, the function L;(z) is positive and
continuous. For a given t € C we define an analytic curve ¢(7) =
rel@8® 1 € [0, |t|]. For every continuously differentiable function g of real

variable t the mequallty |g(T)| < |g'()| holds except the points where

g'(t) =0. Usmg restrlctlons of this proposition, we deduce the upper
estlmate of 25(z, 1) for the function L;:
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L b
A‘z’(z,n,Ll)=sup{ I(Li;)t ) ||_L1( )}
_ ¢+ |L(z+tb)| n _
_Su{ ct L@ "”Sc+|L(z)|}_
= sup  {exp{ln(c + |L(z + tb)]) —In(c + |[L(2)])}} =
ltl<n/(c+HL(D)
e Lo fltle(c+|L(z+(p(T)b)|) qe <
PP Ter it rebl ST S IL@)
ex f't' lo'(D)] - |b] <|6L(Z+90(T)b)
P1), "cH 1Lz + o(mb)| ab

|aL(z + o(1)b) ) Idrl}} .

ob
2P|b|n 2P|b|n)
< . = —_—) < .
= <su;1)7 {exp{2P|b| - |¢[}} exp(c Lo S ex ( .
]
Hence, for all n > 04%(n, L) = sup/lz(z n,L) < exp( b In) <
|g(t)| > —|g'(t)| it can be proved that foreveryn > 0 one has
R L) =i f{c+|L(z+tb)| t] < n }
z,n,L;) =in ] < =
neh c+IL@) c+IL@)
= {exp{ln(c + |L(z + tb)|) — In(c + |L(2))}} =

< sup

n
t|<—F——
<

Usmg

/i »
. ‘Ld(c +|L(z + (@)D n
= mf{e"p{fo e 1Lz + (D)) }"tl =TT |L(z)|} =
exp d— f't' lo'(7)] - |b] (|5L(Z + ¢(7)b)
PUT ), e+ L@+ oD b
|6L(Z+ ¢(1)b) )|df|}} -

db

. 2P|b|n —2P|b|n

> 1n§7 {exp{—2P|b| - |t|}}—exp( T Lz )l)Z ex (—)
<G

ie. A%, L) = exp( PICbIn) > 0. Therefore, L, € Qy.

inf
n
“c+|L(2)]

v

ItI< e

3 The class Q™
Denote 0 =(0,..,0) e R". For A=(ay,..,a,) EC",B =

(by, ..., b,) € R", a notation A < B means that ¢; < b; for all j € {1, ..., n};
similarly the relation A < B is defined. The closed polydisc {z € C": |z —
z'| <7, j €{1,..,n}} is denoted by D"[z°,R]. For R € R%,j € {1,...,n}

and L(z) = (l1(2), ..., 1,,(2)) we define
Ay (2o, R, L) = inf{l; (2)/1;(2°): z € D™[2°, R/L(z")]},
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A2, (Z0, R, L) = Sup{lj(z)/lj (z%):z € D"[2% R/L(z")]},
A1;(R,L) = . 32&’11'1' (z0,R,L),2;(R,L) = ;a‘;gfz ;(Zo,R, L),

Ar(R,L) = (A1 (R L), ..., 4 n (R, L)) (k € {1,2}).

By Q" we denote a class of functions L(z) which for every R € R}

satisfy the condition
0 <A{(R,L) <A3(R L) < +oo. @)

It was proved such a proposition on sufficient conditions of belonging
to class Q™ in terms of differential characteristics of functions.

Lemma 1 (joint-entire) Let L(z) = (l4(2), ..., 1,(2)),};:C" - Cand
% be continuous functions in C* for all j,m € {1,2, ..., n}. If there exist
numbers P > 0 and ¢ > 0 such that for all z € C" and every j,m €
{1,2,...,n}

1 |92
cH (@)l 9z, =P (3)
then L* € Q", where L*(z) = (¢ + |l1(2)], ..., c + |L, (2)]).

Below we presented a corrected version of the proposition with
conditions by z.

Proposition 3 Let L(z) = (I4(2), ..., [,(2)),];: C* - C and %%
be continuous functions in C" for all j,m € {1,2, ..., n}. If there exist numbers
P > 0 and ¢ > 0 such that for all z € C* and every j,m € {1,2, ...,n}

1 dl; (z)
G +14(2)|| 0z,
1 ;i (z)
G +1; (2| 0z,
then L* € Q™, where L*(2) = (c; + |l1(2)], ..., cn + |1, (2)]).

Proof. Clearly, the function L*(z) is positive and continuous. For given

z € C*, z° € C* we define an analytic curve ¢:[0,1] - C"

@i (1) = Z]-0 +1(z — ZjO), j€e{1,2,..,n},
where 7 € [0,1]. It is known that for every continuously differentiable
function g of real variable t the inequality ;—tlg(r)l < |g'(7)| holds except
the points where g'(t) = 0. Using restrictions of this proposition, we
establish the upper estimate of 1, ; (zo, R, L"):

2,j (20, R, L") = sup m-ze et

= sup  {exp{ln(g + 4@ ~In(g + I "D} =

zEDn[zo,

—_— )

— )

L*(z%)

_ Ld(g + L (™)) _ . R
—sup{eXp{J;T & 1 (o) }.ZED [ZO'L*(ZO)]} <

ISSN 2304-7399. IIpukapnarcekuii Bicuuk HTIL. Yucmo. — 2020. — Ne 1(59)



14 MATEMATHKA TA MEXAHIKA

lom D1 (194 (p(2)
< sup {GXP{_[ z :+ (fp(T))|< ]

ZED” aZm
NICO)) > T}} B

azm
< sup exp{f z 2P|zm—z,%|dr} <
m=

ZED"[ L*( 0)

n n
2Pr, T
: T S
IR R {;1Tcm + |lm(Z0)|} eXP( Tcm)

ZEDn[ZO,m] m=1
Hence, for all R>0 A2; (R LY) = sup Azj(z R, L") <
z0ecn

exp (2P Z"mle%) < o0, Using ;—t lg(t)| = —|g'(t)] it can be proved that for

every R > 0 one has
G + 1 (2) [0 R
:z € D" (27, =
EEY

;i (p(7))
0z,

A1i(zg, R L) = inf{ —+———:
1,] (ZO ) m {C] + |l](ZO)|
= inf  fexp{n(g + |4, — In(g + 14 z)D}} =
ZEDn[ZO,L*—O
4 )1d l
¢ + |l T R
inf{exp{j-T (g + 11 (e ( ))D}:ZeDn [Zo, R } >
o G tI1ie)] L*(z")
1
= ) irolf < {exp{fT
z€D [Z ,WT)] 0
n
B ZT |@m (T)] <0l;(<p(f)) N ) -
g+ |h(e@DIN|] 9zp -
1 n
> inf exp{—f TZT2P|Zm —Z,?l|dr} >
ZED"[ZO,L*(ZO)] 0 =1
T T
inf exp{— z T—mo} > exp <—2P z Tﬂ>
zeDn[zo,Wr)] ~—= Cm + |1 (2°)] ~— Cm
i.e. (R L") > exp (—2P Z"mlezﬂ) > 0. Therefore, L* € Q™.
Acknowledgment. Author cordially thanks Prof. S. Favorov (Kharkiv,
Ukraine) for his valuable remark on structure of positive continuous
functions in n-dimensional complex space.
This research was funded by the National Research Foundation of
Ukraine, 2020.02/0025, 0120U103996.

ISSN 2304-7399. IIpukapnarcekuii Bicuuk HTIL. Yucmo. — 2020. — Ne 1(59)



MATEMATHKA TA MEXAHIKA 15

References

1. Bandura A., Skaskiv O. Entire functions of several variables of bounded
index, Lviv: Publ. I.E. Chyzhykov, 2016, 128 p.

2. Bandura A., Skaskiv O. Asymptotic estimates positive integrals and entire
functions, Lviv-lvano-Frankivsk, Publ. O.M. Goliney, 2015, 108 p.

3. Bandura A., Skaskiv O. Analytic functions in the unit Ball. Bounded L-
index in joint variables and solutions of systems of PDE’s. — Beau-Bassin:
LAP Lambert Academic Publishing, 2017. — 100 p.

4. Bandura A., Skaskiv O., Boundedness of the L-index in a direction of entire
solutions of second order partial differential equation, Acta Comment. Univ.
Tartu. Math., 2018, 22(2), 223-234, DOI: 10.12697/ACUTM.2018.22.18

5. Bandura A., Skaskiv O. Asymptotic estimates of entire functions of
bounded L-index in joint variables, Novi Sad J. Math., 48 (2018) (1), 103-
116. doi: 10.30755/NSJOM.06997

6. Bandura, A.l. Properties of positive continuous functions in C™. Carpathian
Math. Publ. 7(2), 137-147 (2015). doi: 10.15330/cmp.7.2.137-147

Cmamms naoivwna 0o pedaxyivnoi koneeii 20.11.2020 p.

3AYBAJKEHHS ITPO JESKI KJIACH TIOJATHUX HEITEPEPBHUX
®YHKIIN B C*

A. l. Banaypa
leano-Dpankiecokuil HAYiOHANLHUL MEeXHIYHUL YHIBepcumem Hagpmu i 2asy;
syn. Kapnamcoka 15, leano-@pankiscok, 76019, Ykpaina,
e-mail: andriykopanytsia@gmail.com

YV yiti cmammi 0osedeno 06a meepodicenHs, wo Micmsams 00CMAMHI
YMO8U Hanexcnocmi dooamuux Henepepsuux gyukyit ¢ C* 0o kracie Q™ ma
Qp - Li 0onomiscni knacu sidizparoms 6axciugy pois y meopii yinux ¢yHkyii
obmedicenoco L-indexcy 3a nanpsmkom ma obmedicenoco L-indexcy 3a
cykynnicmio sminnux, oe L:C" - Ry, L:C" - R} nenepepsni ¢hyuxyii.
Bonu oonomazaroms nobyoysamu 3az2anvHy meopio 0OMeHCceHo2o ZH()eKcy
0151 00CUMb WUPOKO20 KIACY YIIUX QYHKYIU, adxce ONsi KOMWCHOI Yinoi
@yHryii icnye sionogiona ¢yukyis L abo L, 3a605Ku skum 6i0nosiona yiia
@yHryis mae oomedxncenuii L-inoexc 3a nanpsamrxom abo oomesxncenuit L-inoexc
3a CYKynHicmio 3MiHHUX 6i0nogiono. Haw pezyremam eumacae pigHomipHoi
obmedicenocmi  102apupMiuHuX NOXIOHX 3a 6cima sMIHUMU Z; ma Z; Ons
Hanescnocmi @hynxyii 0o knacy Q", j € {1, ..., n}. Inwuu pezyromam eumacae
PIBHOMIDHOL 00MedceHOCmi 102apumiunol noxionoi sa nanpamxamu b ma

b ons nanexcnocmi Gyukyii 0o knacy Qp, e b xomnuexcho cnpsiicenul
gexmop 0o eekmopa b € C*\{0}.

Knwuosi cnoea: oooamna nenepepera (yHKyis, OeKilbKa KOMNJIEKCHUX
BMIHHUX, YACMUHHA 102apU@PMIUHA NOXIOHA, JIOKATbHE NOBOONCEHHS, KOMN-
JIEKCHE CHPSNCEHHSL.
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