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We prove that an entire function 2121 cos=),( zzzzF  is of unbounded 
index in any complex direction 0.\),(= 2

21 C∈bbb  But ),( 0
21

0
1 tztbzF ++  is 

of bounded index for every given ,0
1z  0

2z  as function of variable .t  It is a 
generalization of our previous result for direction (1,1).   

Keywords: entire function, bounded L -index in direction, directional 
derivative, unbounded index in any direction. 

 
1. Introduction. 
Let +→RCnzL :)(  be a continuous function, CC →nF :  be an 

entire function, ),(:=)( 0
0 btzFtg
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Definition  (see [2]). An entire function of )(zF , nz C∈ , is called a 
function of bounded L -index in a direction of nC∈b , if there exists +∈Z0m  
such that for all +∈Zm  and every nz C∈  next inequality is true:  
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The least such integer 0m  is called a L -index in direction b  of )(zF  
and is denoted by ).,( LFNb  If such 0m  does not exist then we put 

∞=),( LFNb  and F  is said of unbounded L -index in direction. We also 
denote by ),,( 0zLFNb  as L -index in direction b  of function F  at a point 

0z  that is the least integer 0m  for which inequality (1) is true at .= 0zz  If 
1)( ≡zL  then F  is called a function of bounded index in the direction b  and 

,1)()( FNFN bb ≡  is index in the direction .b  
For 0,>η  {0}\),,(= 1

n
nbb C∈Kb  and a positive continuous function 

+→RCnL :  we define  
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By nQb  we denote the class of functions L  which for all 0≥η  satisfy 
the condition  

                              .<)()(<0 21 +∞≤ ηληλ bb  
We obtained a following assertion.  
Theorem 1  [2] An entire function )(zF  is of bounded L -index in 

direction b  if and only if there exists number 0>M  such that for all 
nz C∈0  a function )(0 tg

z
 is of bounded 0z

l -index with 

+∞≤ <),( 00 MlgN
zz

 as a function of variable C∈t  and =),( LFNb  

}.:),({max= 0
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In view of Theorem 1, there was a natural question [3]: is there an 
entire function ),(zF  nz C∈  and nC∈b  such that +∞<),( 00 zz

lgN  for all 

,0 nz C∈  but +∞=),( LFNb ? 
We together with O.B. Skaskiv gave an affirmative answer [3]. There 

was proved that 2121 cos=),( zzzzF  is of unbounded index in direction 
(1,1)  for 1.),( 21 ≡zzL  In this paper this result is generalized for any 
direction. 

We need some denotations. If for a given nz C∈0  one has 0=)(0 /tg
z

  

for all C∈t , then ;:=),( 0 ∅zFGr
b  if for a given nz C∈0  we get 0,)(0 ≡tg

z
 

then }.:{:=),( 00 C∈+ ttzzFGr bb  And if for a given nz C∈0  we have 
0)(0 ≡/tg

z
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By 1=),1/,,(
|0

0|0
0 ∑ ≤− rtka

Ftzrn  we denote the counting function of the zero 

sequence 0
ka . 

A following criterion is convenient for a proof whether entire function 
is of bounded L -index in direction.  
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Theorem 2  [2] Let )(zF  be an entire in nC  function, .nQL b∈  A 
function )(zF  is of bounded L -index in direction b  if and only if:   
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2) for every 0>r  there exists +∈Z)(~ rn  such that for every ,0 nz C∈  
for which a function 0,)( 0 ≡/+ btzF  and for all C∈0t   
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In a paper of S. Shah and G. Fricke [4] the following proposition is 
proved.  

Lemma 1 Let pggg ,,, 10 K  and h  be entire functions of bounded index 
and for every )(0,+∞∈R  there exists number )(0,)(= +∞∈RMM  such that 
for all }|:|{\ Rcztt kk

≤−∈ UC , where kc  are zeros of function 0g , the 
inequalities hold  

                           }.,{1,2,|,)(||)(| 0 pjtgMtg j K∈≤                            (5) 
Then an entire function f , which satisfies an equation  
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is of bounded index.  
Our main result is next.  
Theorem 3  An entire function  
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is of unbounded index in any direction ),,(= 21 bbb  where 0.|| ≠b   
Proof. Let ,),(= 20

2
0
1

0 C∈zzz  2
21 ),(= C∈bbb  be given, .C∈t  We 

prove that for tbzztbzz 2
0
221

0
11 =,= ++  function ),( 21 zzF  is of bounded 

index as a function of variable t . 
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For simplicity we denote ).,(:=)( 2
0
21
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1 tbztbzFtf ++  We evaluate 

derivatives of this function:  
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Hence, we obtain a differential equation for f :  
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Rewrite (6) in this look  
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≤−∈ UC , where kc  are zeros of function 

))((2=)( 2
0 batdtadttg +++ . Hence, by Lemma 1 the function )(tf  is of 

bounded index. 
It remains to prove that function ),( 21 zzF  is of unbounded index in 

direction .b  We shall apply Theorem 2, which provides the necessary and 
sufficient conditions of L -index boundedness in direction. We prove that the 
condition (4) of this theorem does not hold. 

Case 1. Let 0,1 ≠b  0.2 ≠b  We denote kak ππ +/4=  ),( N∈k  
)(= 21bbargϕ  and put ),,(= 0
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Zeros of function )( 0 btzF +  are found from the equation  
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A condition of belonging zeros ±
lt  to r  – neighbourhood at point 0t  has the 

form  
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as .+∞→k  Then for 
||

1<
21bb

r  we have +∞→),1/,,( 0
0 Ftzrn  ),( +∞→k  

where 0
0 , tz  are defined above. 

Case 2. Let 0,1 ≠b  0.=2b  
Now we denote kak ππ +/4=  ),( N∈k  )(= 1bargϕ  and put 
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A condition of belonging zero lt  to r  – neighbourhood at point 0t  has the 
form  

                                        ⇔− rttl |<| 0  
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as .+∞→k  Then for 1<r  we have +∞→),1/,,( 0
0 Ftzrn  ),( +∞→k  where 

0
0 , tz  are defined above. 

Thus, the function 21cos zz  is of unbounded index in direction .b   
Early we obtained an assertion  
Proposition 1  [1] Let nC∈b  be a given direction, nA C⊂0  such that 

its closure 1},=,:{=0 〉〈∈ czzA nC  where 0., ≠〉〈 bc  An entire function 
)(zF  is bounded L-index in direcrionb  if and only if there exists a number 
0>M  such that for all 0

0 Az ∈  a function )(0 tg
z

 is bounded 0z
l -index with 

+∞≤ <),( 00 MlgN
zz

 and }.:),({max=),( 0
0

00 AzlgNLFN
zz

∈b   

Remark 1 Theorem 3 implies that a set A  in Proposition 1 in the 
general case can not be reduced to a finite set.  
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Доведено, що ціла функція 21cos zz  є необмеженого індексу за 
будь-яким дійсним напрямком 0.\),(= 2

21 C∈bbb  Але ),( 0
21

0
1 tztbzF ++  – 

обмеженого індексу для будь-яких фіксованих ,0
1z  0

2z  як функція змінної 
.t  Отриманий результат є узагальненням відповідного твердження для 
напрямку (1,1).   

Ключові слова: ціла функція, обмежений L -індекс за напрямком, 
похідна за напрямком, необмежений індекс за будь-яким напрямком.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


