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We prove that an entire function F(z,,z,)=co0s./z,z, is of unbounded
index in any complex direction b= (b,,b,) € C*\0. But F(z] +bt,z +1) is
of bounded index for every given z., zj as function of variable t. It is a

generalization of our previous result for direction (1,1).
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1. Introduction.
Let L(z):C" >R, be a continuous function, F:C" —-C be an

entire function, g ,(¢):= F(z° +1b), [ ,(t):= L(z° +b), tC.

Definition (see [2]). An entire function of F(z), z€C", is called a
function of bounded L -index in a direction of b € C", if there exists m, e Z,

such that for all me Z, and every z € C" next inequality is true:

m k
! |8 F(Z)|_max 1 |8 F£Z)|:0Skﬁm0 ,
va'”(z)\ ab" | KL (z)| bt |
'F(z) OF(2) _x-0F(2), 0"F(z2) 0"'F(z2)
h =F . = k>2.
where —opo A 75, -3 oz o 8b( pREN

j=1

The least such integer m, is called a L -index in direction b of F(z)
and is denoted by N,(F,L). If such m, does not exist then we put
N,(F,L)y=o and F 1is said of unbounded L -index in direction. We also
denote by N, (F,L,z°) as L-index in direction b of function F at a point
z° that is the least integer m, for which inequality (1) is true at z=z". If
L(z)=1 then F is called a function of bounded index in the direction b and
N, (F)=N,(F,1) 1s index in the direction b.

For >0, b=(b,...,b,) €C"\{0} and a positive continuous function
L:C" >R, we define
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L(”’b) eC,lt—t,)<—1 14 eC zeC,
Lz+ip) " L(z+1,b)

A () =inf finf =2

and also

MZIEC,“_% |SL}ZIOEC,ZECn}'
L(z+t,b) L(z+t,b)

By O, we denote the class of functions L which for all 7>0 satisfy

25(17) = sup{sup{

the condition

0 <A () < A3 (17) < +o0.
We obtained a following assertion.
Theorem 1 [2] An entire function F(z) is of bounded L -index in

direction b if and only if there exists number M >0 such that for all
2*eC" a function g, (t) is of bounded [ -index with
N(g ,,l y))SM <400 as a function of variable te€C and N, (F,L)=
=max{N(g ,.l,):z"€C"}.

In view of Theorem 1, there was a natural question [3]: is there an
entire function F(z), zeC" and beC” such that N(g ,,/ ,) <+oo for all

z’ eC”", but N, (F,L)=+x?

We together with O.B. Skaskiv gave an affirmative answer [3]. There
was proved that F(z,,z,)=cos,/z,z, 1s of unbounded index in direction
(1,1) for L(z,z,)=1. In this paper this result is generalized for any
direction.

We need some denotations. If for a given z° € C" one has g0 @®)#0

for all teC, then G"(F,z"):=; if for a given z’ €C" we get g ,(t)=0,

then G"(F,z’):={z"+tb:teC}. And if for a given z°eC" we have
g ,(t)#0 and a; are zeros of g ,(¢), then

G"(F.z2) =Rz +mr—-a’ |<— 1 >0
r( z ) [kj{ | k| L(zo+a£b)

Let
G (F)= U G(F,z"). (2)

By n(r,z°,t,,1/F)= Zl 0, 1 we denote the counting function of the zero
ak— 0 <r

sequence a, .

A following criterion is convenient for a proof whether entire function
is of bounded L -index in direction.
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Theorem 2 /2] Let F(z) be an entire in C" function, L€ Q,. 4
function F(z) is of bounded L -index in direction b if and only if:
1) for every r > 0 there exists P = P(r)> 0 such that for each

zeC"\G"(F)
1 OF(z)
F(z) ob
2) for every r >0 there exists 7(r) € Z, such that for every z° eC”",
for which a function F(z°+tb)#0, and for all £, € C

r 1 -
n(m,zo,to,gjﬁn(r). 4)

In a paper of S. Shah and G. Fricke [4] the following proposition is
proved.
Lemma 1 Let g,,g,,...,g, and h be entire functions of bounded index

and for every R € (0,4+00) there exists number M = M (R) € (0,4+0) such that
for all teC\Uk{t:|z—ck I< R}, where c, are zeros of function g,, the

< PL(2); 3)

inequalities hold
g, () IsM[g,()],je{l.2,..., p}. )
Then an entire function f, which satisfies an equation
OO+ O f O +...+g, () f(6)=h(),
is of bounded index.

Our main result is next.
Theorem 3 An entire function

F(z,,z,)=c084/z,2, = Z( 1)(”2(;)1'22)

n=1

is of unbounded index in any direction b = (b,,b,), where |b | 0.

Proof. Let z°=(z/,zy)eC?, b=(b,b,)eC’ be given, teC. We
prove that for z, =z +bt,z, =z, +bt function F(z,,z,) is of bounded
index as a function of variable ¢.

Let  F(20 +bt, 20 +byt) = cosy (2 + bt)(20 +byt) = cosdi’ +at +b,
where d =bb,, a=zb,+zb, b=z z,.

For simplicity we denote f(¢):=F(z, +bt,z) +b,t). We evaluate
derivatives of this function:

76y=- (2dt +a)sindt* +at+b

2d* +at+b

b
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. 2 2
dsinvdt" +at+b (2§z’t+a) Cosm+

Jat* +at+b  Adr +at+b)

(Zdt +a)’sinydt* +at+b
A(dt* + at +b)*? '
Hence, we obtain a differential equation for f :
. a’ —4db , 2dt +a)’
o+ Dy B
2Q2dt +a)(dt” + at +b) 4(dt” +at+b)

Rewrite (6) in this look

f@=-

f@0=0. (6)

Qdt+a)dr® +at +b) £ (1) + L2 1y 4 4 “’) XD ey =0,
2_
Since gl(t)Z# is constant, then (5) holds for g,(¢). For
3
Qdtra) 4 g ()= Qdt+a)d +at+b)  we  have

g, ()= 4

8, (1) _ (2dt +a)’

> as t—+4ow. Then
g,(t) 4(dt”+at+b)

gz_(t)‘ <M(R) for
gt

3
t eC\U{t:|t—c, ISR},  where C, are zeros of  function
k=1

g,(t)=(2dt+a)(dt’ +at+b) . Hence, by Lemma 1 the function f(¢) is of

bounded index.
It remains to prove that function F(z,,z,) is of unbounded index in

direction b. We shall apply Theorem 2, which provides the necessary and
sufficient conditions of L -index boundedness in direction. We prove that the
condition (4) of this theorem does not hold.

Case 1. Let b #0, b,#0. We denote a, =74+7k (keN),
@ =arg (bb,) and put z° = (z/,z}), where z — arbitrary,

0 bz} +(1-a})e'” = ae'”’ —b,z .
’ bl ’ b1b2
Zeros of function F(z°+tb) are found from the equation
(z) +bt)(z) +byt) = bbt* + (b, + z3b)t + 2 z] = (W2 + l)*,l € Z.

Consider its roots

. _ =0,z +bZ) (b, —bz3)’ +bb, (7 +27d)
! 2b,b, '

A condition of belonging zeros ¢ to » — neighbourhood at point #, has the

form
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' — (b2l +(1-a))e™) £[(a} —1e + b, (x +27)’
| bb, [> a2 —b,20 - (2b,2] +(1-a})e'™) \/gak Ve + b (x )§©

& 2r|by |- by Plat + 1+ J(al 1) +|bb, | (z +24) |

& al +1-2r b |-| b, |< (@} =1+ |bb, | (x +24)° <al +1+2r|b|-|b,].
Hence,
a} +1+4r% |bb, '+2a; —4r |bb, | -4r|bb, |a;<a} —2a; +1Hbb, | (7 +24d)’<
<a!+1+4r* |bb, " +2a; +4r|bb, |+4r|bb, |a; <
< 4% | bb, | +4a’ —4r|bb, | -4ra’ |bb, |<|bb, | (x +24)* <
<4r° |bb, |’ +4a; +4r|bb, | +4ra; |bb, |.
Then
l {W | b, P+ bb, (1) |, | -7 27 | b, Frat+r | b, ()| B | —n}

2 2
=(4;;By)

for r E[O; ! J But
| byb, |

b 2r|bb, [(1+a2)
N (P bb, Prai—r | bb, (11aD) +[r | bb, at+r | bb, ()
172 k 172 k 172 k 172 k

—> +00

as k — +oo. Then for r < we have n(r,z°,t,,1/F)— +0 (k — +0),
0

| Db, |
where z°, ¢, are defined above.
Case 2. Let h, 20, b, =0.
Now we denote a, =n4+mnk (keN), ¢@=arg(h) and put

2’ =(z],2y), where z! =€, z)=a;-e", t,=1. Zeros of function
F(z° +1b) are found from the equation
(z) +bt)zy = zobt +z)z) = (W2 + )’ ,l € Z.
z
(o +) 2z
Consider its root t, = 2 5
bz,

A condition of belonging zero ¢, to r — neighbourhood at point ¢, has the

form
|4, -t |<r<
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T
(G +ad) —z)z
0
bz,

We remark that ¢,, r, bzy, z/z) €R. Hence,

St —r< <t,+r.

1 1 1 1
;\/(ZO ~r)bz) +zz) _E< [ <;\/(t0 +r)bzy +2)z] 7

Then
1 0 0_0 1 1 0 0_0 1 _ .
le ;\/(to—r)blzz +2°20 —5,;\/(to+r)blzz +2)z) = |=(43B)
for  €(0;1). But
B _ 4 _1 2rb,zy _
ko Tk _ 0, 0.0 0, 0.0
T \/(to r)bz, +z z, +\/(t0 +r)bz,+zz,
2r|b, | a;
= — +00

1

T J(=r)|b | a2 +al +:/(1+7)|b |a} +a
as k — +oo. Then for » <1 we have n(r,zo,to,l/F)—>+oo (k — +0), where
z°, 1, are defined above.

Thus, the function cos/z,z, is of unbounded index in direction b.
Early we obtained an assertion
Proposition 1 /1] Let be C" be a given direction, A, C" such that

its closure Ao = {zeC":(z,c)=1}, where {(c,b)#0. An entire function
F(z) is bounded L-index in direcrionb if and only if there exists a number
M >0 such that for all z° € A, a function g ,(t) is bounded [ , -index with

N(g o,0 ) <M <+ and N,(F,L)=max{N(g ,,l,):z° € 4,}.

Remark 1 Theorem 3 implies that a set A in Proposition 1 in the
general case can not be reduced to a finite set.
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Jlosedeno, wo yina @yukyisn cos\/g € HeoOMedHCeH020 [HOeKCy 3a
6y0b-sikum Oiticnum nanpsmxom b = (b, b,) € C*\0. Ane F(z] +bt,z) +t) —
obMmedicenozo indexcy ons 6yOb-aKux gikcoeanux z,, zy AK QyHKyia sminnoi
t. Ompumanuii pe3yn1bmam € y3a2aibHeHHAM 8I0N08IOH020 MBEPONHCEHHS Ol
nanpamxy (1,1).

Knrouoei cnosa: yina ¢ynxyis, oomedcenutl L -inOekc 3a Hanpsimxom,
NoOXiOHA 3a HANPAMKOM, HeoOMedNCceHUll IHOeKC 3a 0)Y0b-AKUM HANPAMKOM.
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