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In the paper we investigate slice holomorphic functions F:C"—C
having bounded L-index in a direction, i.e. these functions are entire on every

slice {z°+tb:teC} for an arbitrary z°eC" and for the fixed direction
beC"\{0}, and 3Am,eZ,) (VmeZ,) (VzeC") the following inequality holds
OFG)_  |0F )]
m\L"(z) ~ osksmy, K\L*(z)

where L:C" - R, is a positive continuous function, 0,F(z)= diF(ZHb) =0
t

OLF =0,(0!'F) for p=>2. Our objects of investigations are sum and
product of the functions from this class. There are established sufficient
conditions providing the boundedness of L -index in the same direction for
these operations. In particular, the multiplication of functions from this class
is closed operation.

Key words: bounded index, bounded L -index in direction, slice
function, holomorphic function, bounded [-index, sum.
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10 MATEMATHKA TA MEXAHIKA

1. Introduction. Here we continue our investigations initialized in [1,
2, 3] and we apply our previous results to investigate product and sum of
functions from the class introduced here.

Let us remind some notations from [1, 2, 3]. Let R, =(0,+x),
R =[0,+0), 0=(0,...,0), b=(b,...,b,)€C"\{0} be a given direciton,
L:C" >R, be a continuous function, F':C" — C an entire function. The
slice functions on a line {z’ +tb:¢eC} for fixed z° € C" we will denote as
g.,(0= F(z°+tb) and 1y(t)= L(z° +1b). Besides, we denote by

{a,c) = Z::Ia jc_j the Hermitian scalar product in C", where a, ¢ C".

Let Ijlﬁ be a class of functions which are holomorphic on every slices

{z' +tb:teC} for each z° €C" and let H! be a class of functions from FIﬁ
which are joint continuous. The notation 0, F'(z) stands for the derivative of
the function g_(¢) at the point 0, i.e. for every peN 0/F(z)=g'”(0),
where g_(t)=F(z+1tb) is entire function of complex variable 1€ C for
given zeC". It is easy to check that for any p eN the derivative 0 F is
also joint continuous.

A function F eH; is said [1] to be of bounded L -index in the direction

b, if there exists m, € Z, such that for all m € Z, and each z € C" inequality

GFG . 14FE)

m\L"(z) ~ oskem, KIL(z)
is true. The least integer number m,, obeying (1), is called the L -index in the
direction b of the function F' and is denoted by N, (F,L). For n=1, b=1,
L(z)=1(z), z €C inequality (1) defines a function of bounded /-index with
the /-index N(F,l)= N,(F,l) [8,9, 13], and if in addition /(z) =1, then we
obtain a definition of index boundedness with index N(F)=N,(F,1) [10,

11]. It is also worth to mention paper [12], where there is introduced the
concept of generalized index. It is quite close to the bounded /-index. If our
function is entire in the whole n-dimensional complex space then the
definition matches with definition of function of bounded L -index in
direction, introduced in [4].

Let N,(F,L,z°) stands for the L-index in the direction b of the

(1)

function F at the point 2°, i.e., it is the least integer m,, for which inequality

(1) is satisfied at this point z=z". By analogy, the notation N(f,/,z°) is
defined if n =1, i.e. in the case of functions of one variable.
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Note that the positivity and continuity of the function L are weak
restrictions to deduce constructive results. Thus, we assume additional
restrictions by the function L.

Let us denote

A7) = sup sup {ZEFD) e U .
ornnec | L(z +1b) min{L(z +£b),L(z + 1,b)}

By O we denote a class of positive continuous function L:C" ->R_,
satisfying the condition
(V172 0): 4, () < +oo, 2)

Remark 1 Note that papers [I, 3] contain results where we use joint
continuity. But in this paper our results do not require joint continuity, i.e.

they are valid for functions from I?II'; Therefore, all proofs literally match with

the proofs for entire functions of bounded L -index in direction.
We need the following results.

Theorem 1 ([2]). Let L € O, . A function F € I?IE has bounded L -index in the
direction b if and only if for any 1n>0, >0 (r,<r), there exists
P, = P(r,,1,) =1 such that for every z° € C"

max{| F(z* +b) : MT} < P max{| F(z"+b) : |1)T} 3)

Denote
G.(F)=G(F):= |J {z+md{t|<r/L(2)}.

z:F(z)=0

By ny (r,F)=n,(r,z2°,1/F):= zla,?|£rl we denote counting function of zeros

a, for the slice function F(z°+b) in the disc {reCt|<r}. If for given
z°eC" and for all teC F(z°+tb)=0, then we put n ,(r)=-1. Denote

n(r)=sup__cnn,(r/L(2)).
Theorem 2 ([2]). Let F € I?Il';, LeQ, . If the function F has bounded L -

index in the direction b, then
1) for each r>0 there exists P= P(r)>0 such that for every zeC"\G"(F)

0, (2)]
F(2)
2) for any r>0 there exists #(r)eZ, such that for all z° €C" such
that F(z° +tb) £0 one has

< PL(z); 4)

r o 1 ~
nb(m,z ,Fj <n(r). (5)
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12 MATEMATHKA TA MEXAHIKA

Theorem 3 ([2]). Let L€ Q;, F € Ijlﬁ If the following conditions are satisfied
1) there exists r, >0 such that n(r,) €[—1;0);
2) there exist r, >0, P>0 such that 2r,-n(r,) <r/A,(r) and for all
zeC"\ Gr2 (F) inequality (4) is true;
then the function F has bounded L -index in the direction b.
2. Product of functions of bounded L -index in direction. Now we

consider an application of Theorem 2. The following proposition can be
obtained using similar considerations as in the case of entire functions [7].

Proposition 1. Let L€ Q,, F € ﬁﬁ be a function of bounded L -index in the
direction b, ® € Iflz and Y (z) = F(z2)®(z). The function Y(z) is of bounded
L -index in the direction b if and only if the function ®(z) is of bounded L -

index in the direction b.

Proof. The similar result was obtained for entire functions of bounded L -
index in direction in [7]. Our proof is similar to proof for entire functions in
[7] but now we use Theorem 2, deduced for functions holomorphic on the
slices. Since an analytic function F(z) has bounded L -index in the direction

b, by Theorem 2 for every » >0 there exists 7(r)eZ, such that for all
2’ eC", satisfying F(z°+b)#0, the estimate ,{ r_ o 1]<,7(r) holds.
’F -

L(z°)’
Hence,

n LO,ZO,L <n LO,ZO,L <n Lo,zo,i +71(r).
L(z") () L(z") b4 L(z") ()
Thus, condition 2 of Theorem 2 either holds or does not hold for

functions W(z) and ®(z) simultaneously. If ®(z) has bounded L -index in
the direction b, then for every »>0 there exist numbers P.(r)>0 and

ai(z)@() N E)

ze(C"\G"(F))n(C"\ G’ (®)). Since

C"\G"(¥) < (C"\G"(F))n(C"\ G" (D)),
0,.%()|_[0.F(2)| , |2, CD(z)|

| ¥(2) |~ | F(z) | | D(z)

0, Y (2)

¥(z)

P,(r)>0 such that <P,(r)L(z) for each

for all zeC"\G'(¥) we have <(P.(r)+ P, (r)L(z), i.e. by

Theorem 3 the function W(z) is of bounded L -index in the direction b.
On the contrary, let W(z) be of bounded L -index in the direction b,
r>0. At first we show that for every z° e C"\G"(F) (»>0) and for every

d* =z"+d"b, where d° are zeros of function ®(z° + tb), we have
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| 0 _ gk |> r | b |
2L(z") Ay (r)
On the other hand, let there exist z° € C"\G"(®) and d*=z"+ d’b such
that |2 - d* |g—r|b|
2L(z")2 (1)

estimate  L(d*)<A, (r)L(z°), and hence |2°-g*=|b|-|d" '322'(%

(6)

. Then by the definition of A, we have the next

1.€.

|d’ |<—_, butit contradicts z° € C"\ G (®).
2L(d")

-
2L, (r )
®(z"+¢b), but it may contain zeros ¢‘=z"+clb of the function
W (z° +1b). Since W(z) is of bounded L -index in the direction b, the set

We consider g, = {ZO +b:|f|< } It does not contain zeros of

r
22,(r)
W¥(z’ +tb). For all c; e Ko, using the definition of (', we obtain the

p
i
m, =3z +tb:|t—c] |< # with r is contained

Lz’ +cb) n=
4(m, +1)/11]( J/M )

Ko by Theorem 2 contains at most =1, ( J zeros ¢, of the function

following inequality ;0 4 ('p)> L(z*). Thus, every set

4, (r)

in the set | | , . 1’1"( 2, (r )J The total sum of diameters of these sets
s,=z +th:|t—c, | ———F [

does not exceed
21’117'/11)(/1[7( )J , ‘ ﬁl < ,
L(z") 22,(NL(z") (m+1)  24,(r)L(Z")

such that if |f}=——
L(z")

Therefore, there exists , then

+he G:I (¥), and therefore z° +tb ¢ GZ (F). By Theorem 2 for all these

points z” +b we obtain
8,2(z" +b)| _|6,¥(z" +tb)|+|8 F(2'+)|_
| ©(2° +1b) | | W +b) | | F"+b) |

(P +P. NL(Z° +1b),  (7)
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where P, and P, depend only on 7, ie. only of r. Since the function
0, P(2)
D(2)

function

is analytic in Ko, applying the maximum modulus principle to the

0,@(z° + tb)
D(z° +1b)
of this function at the point =0 does not exceed the maximum modulus of

as a function of variable ¢, we obtain that the modulus

"
L(z")

this function on the circle {teC:|t|= } It means that obtained

inequality (7) also holds for z° instead z° +rb.
Thus, for arbitrary >0 and z° € C"\ G"(F) we have proved the first

condition of Theorem 3. Above we have already shown that the second
condition of Theorem 3 is true. Hence, by the mentioned theorem the function
®(z) has bounded L -index in the direction b.

3. Sum of functions of bounded L -index in direction. It is known
that the product of entire functions of bounded L -index in direction is
function with the same class ([7]). But the class of entire functions of
bounded index is not closed under the addition. The corresponding example
was constructed by W. Pugh (see [13, 14]). A generalization of Pugh's
example for entire functions of bounded L -index in direction is proposed in

[7]. The generalization is also applicable to the class ﬁﬁ

Let us consider arbitrary hyperplane 4={zeC":(z,c)=1}, where
(¢,b) # 0, and fixed it. Obviously that | J ,_{z°+b:reC}=C".

Let z° € A be a given point. If F(z°+b)#0 as a function of variable
t €C, then there exists a point #, € C such that F(z°+¢b)=0. Thus, for
every line {z° +b: F(z°+1b)#0} we fix one point ¢, with this property. In
this section, we will denote by B the union of these points z° + t,b, 1e.,

B= U {z’ +1,b}.

zoeA
F(z0 )20
Clearly, that for every zeC”" there exist z’ € 4 and teC obeying
z=2z"+b. Indeed, RN el CIAN =M,
(b,c) (b,c)
The following propositions can be proved by analogy to [5].
Proposition 2. Let L be a positive continuous function, and the functions F

b

and G belong to the class FIﬁ and satisfy the conditions

1) G(z) has bounded L -index in the direction beC"\{0} with
N,(G,L)= N < +ox;
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2) there exists o €(0,1) such that for all zeC" and p>N+1 (peN)

4 k

one has Mﬁamax Ia"(Z—(ZH:OSkSN; (8)
pL7(2) k'L (z)

3) for each z=z"+theC", where z°cd, z°+tbeB and

r=|t—t,| L(z" +1b), the following inequality holds

max{| F(z° +t'b)|:| ' —t, |:02—r <
L(z" +1b)

k 0
<max] [ BOE DI 4 4oyl ©)
k'L (z" +1tb)
4) either (3¢ > 0)(Vz’ +t,b e B)(VteC,|t—t,| L(z" +tb) <1):
, 2
max{| F(ZO +fb) |Z | r—t, |: m}/ | F(ZO +t0b) |S ¢ <+,
orfor Le Q] (3c>0)Vz"+t,beB):
vy e 24 ()
max{| F(ZO +fb) | | r—t, |— m}/ | F(ZO +t0b) |S ¢ < 400, (10)
Then for every € €C, |¢|< 1;“ , the function
C
H(z)=G(z2)+&F(2) (11)

has bounded L -index in the direction b and N, (H,L)< N.
Proof. The proof uses ideas from [5]. We write Cauchy's formula for the
function F(z° +1b) as a function of single complex variable ¢
0 0 "
0,F(2"+th) _ 1 j\\ F(+1b) ., (12)

r 1 p\ptl
L(z0+m) '~

j2 27

For the chosen r =|¢—t,| L(z° +tb) the following inequality is valid
r o ' o r
e =[Ot Rt | ==t H _t°|_—L(z°+tb)'
Hence, 11, |< fr ) (13)
L(z" +1tb)
Equality (12) gives the following estimates
|0V F(2° +1b) | < 1 L2 +1b) y
Lz’ +1b) 277 (2" +1b) PPt

xzo—ﬂr-max |F(z°+t’b)|:|t’—t|=+ <
L(z° +1b) L(z" +1b)

1 0 o _ 2r
Sr—pmax{|F(z +t'b)||t _tO |—m} (14)
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If r=|t—t,| L(z’ +tb) > 1, then (14) implies
|85Lz+tb)|Smax{|F(z°+t'b)|:|t’—to |=02—r} (15)
p\LF(z" +1b) L(z" +1b)
Let r=[t—t,|L(z° +b) € (0;1]. Setting » =1 in (12) and (13), it is possible
to deduce
|0PF(2° +1b) |

_max{|F(z +tb) || -1, |—+}=
p\L’(z° +1b) L(z" +1b)

max{| F(Z*+tb) ;| —t, |—

max{|F(z +tb) st -1, |= L( T }

xmaxi| F(z" +¢b)|:|t' —t¢, |=
{I ( Yl =t = I +tb}

max{\F(z +tb) -]t -1, |— )

| F(z" +¢,b)]|

xmax{|F(z +tb)|:|t' ¢, |= )}

<cmax{|F(z +t'b)|:|t' 1, |— (16)
where
max<| F(z’ +tb) |:| ' —t, |=+
L(z" +1b)
c= sup sup 5 >1.
O41gbes te%’ | F(z" +1,b)]|
le=toL(z" +h)<1

L(z° +1t, o) .

If LeQ, then sup{ e t IS < 4,(1). This means that

1
+1b) L(z" + tb)} -

0
L(z" +tb) > M Using the obtained inequality we choose

A,(1)
max<| F(z° +t'b)|: |t —t, |= ——2— 2%(1)
L(z° +t,b)
c:= sup
O4gbeB |F(Z +1,b)|
in (16). Taking into account (15) and (16), one has
P 0
Mﬁcmax |F(2° +tb) |:| £ —¢, |=02—r (17)
p\LF(z" +1tb) L(z" +1b)

ISSN 2304-7399. IIpukapnarcekuii Bicauk HTLI. Yucmo. — 2019. — Ne 1(53)



MATEMATHKA TA MEXAHIKA 17

forall neNU{0}, r>0, z°c 4, t<C.
We differentiate (11) p times in the direction b, p > N +1, and apply
(8), (17) and (9) to the obtained equality
|0PH(2° +1b) | < |02G(z" +1b) | N |&|| 02 F(z° +1b)| <
pILP (2" +b) — p!LP(z° +1b) plLP (" +b)
|0 G(2° +1b) |
KL (Z° +b)

Samax{ :OsksN}+

+cle|maxs| F(2° +tb) ;| —t, |- 02r <
L(z" +1b)

|0LG(2° +1b) |
KL (2° + tb)
If s<N, then (17) is valid for p=s, but (8) is false. Therefore
differentiation of equality (11) provides the following estimate
| O H (2" +1b) | S |0,G(z° +b) | el O,F(z" +1b) | S
SIC (2" +tb)  SIL(2° +1b) S\ (2" +1b)
S |0,G(2° +1b) |
SIL(2° +tb)
where 0 <s < N. From (9) and (19) we get
|0y H(z° +1b)| S 10,G(z° +1b) |
————>(1-c|¢ —_— 20
éna’ﬁ{ SIL(2° +1b) (1=clel)max SIL(2° +1b) (20)
If ¢|e|<1, then from (18) and (20) it implies
|0PH(Z’ +tb)| _a+c|e] |0y H(z" +1b) |
5 < max —
plLP(z"+tb) l—cl|e|osssv| s'L(z" +1tb)

l-a

S(a+c|g|)max{ :OSkSN}. (18)

2r
—cle|maxi| F(z* +¢b) || —¢t, |5 ——— %, 19
clel X{| (z Y =1, | L(z°+tb)} (19)

21

a+cle]

for p> N +1. Suppose that <1. Hence, |¢|<

l1-cle] 2¢
Let N,(z°+b,L,F) be the L-index in direction of the function F at
the point z°+tb, i.e., N,(z°+tb,L,F) is the least integer m,, for which

inequality (1) holds with z = z° + tb.
l-«

For |¢|< validity of inequality (21) means that for any z’ e 4 and

for all +eC such that F(z°+sb)=#0 the L-index in the direction b at the
point z° +b does not exceed N thatis N, (z" +tb,F,L)< N. In those points ¢,
for which F(z°+mb)=0, but F(z°+mb)=0, we will use that #(z° +mb)=G(z’ +b)
and the function G has bounded L-index in the direction b.

When for ¢4 F(z°+)=0, one has H(z’+tb)=G(z’+b) and
N, (z°+tb,F,L)= N, (z° +tb,G,L)< N. Hence, H(z) is of bounded L -
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18 MATEMATHUKA TA MEXAHIKA
index in the direction b with N, (H,L)< N. This completes the proof of
Theorem 2.

Every function F e H; with N, (F,L)=0 satisfies inequality (10). (see
proof of necessity of corresponding Theorem 4 in [1]).

If L e, then condition 2) in Proposition 2 is always satisfied.
Proposition 3. Let LeQ,, a<(0,1), F and G be functions belonging to
the class Ijlﬁ and obeying the conditions

1) G(z) has bounded L -index in the direction b € C" \ {0}.

2) for every z=z"+tbeC", where zcA, z"+tbeB, and
r=|t—t,| L(z" +1b) the following inequality hold

max{| F(z° +b)|:| £ —t, \zf—” <
L(z" +1h)

k 0
< max wzosksm(@,g) .
K\L*(z" +1tb)

, 22201
max{| F‘(Z0 +t'b)||t _tO |: L(Z()Z.Et)b)}
07 <o

3) c:= sup

zo+t0beB

| F(z" +t,b) |
If el 1;_05’ then the function H(z)= G(z)+ &F (z) has bounded L -index in
¢

the direction b with N,(H,L)<N,(G,,L,), where G, (z)=G(z/a),
L (z)=L(zla).

Proof. This proof is based on the proof of appropriate theorem for entire
functions of bounded L -index in direction [5]. The condition 2) in Theorem 2

is always satisfied for N=N,(G,,L,) instead N =N, (G,L). Indeed by

Theorem 1 inequality (3) holds for the function G. Substituting i L and %
(04 o (04
instead z°, ¢ and ¢, in (3) we obtain
max4| G((z° +b)/a) ||t —t, |= he <
{| (( Ya)l:lt—t,| L((z°+tob)/a)}
< Pmaxd| G((z° + b)Y a) ||t -1, |= he (22)
- Y L(zy + t b)) |

By Theorem 1 inequality (22) means that G, = G(z/a) has bounded L, -

index in the direction b and vice versa. Hence, for all p > N, (G,,L,)+1 and
a €(0,1)
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306.0)| _ 106G | 186G o2 v 6 o)
p'Ll(z) pla’lF(zla) SIL (2) o

= max 166G a)| :0<s<N,(G,,L,)
sla’ L’ (z/ )
Multiplying by «”, we deduce
100G ()| _ max{ap-s 10:G (/)|

0<s SNh(Ga,La)}S

Pl (zla) s (zlex)
< amax M:OSSSN,,(GQ,LH) .
sIU(z/ )

In view of arbitrariness z, the last inequality yields (8).
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Y ecmammi oocniosceno conomopui na spiskax ¢ymxyii F :C" — C
oomedxncenozo L -iHOeKkcy 3a Hanpsamxom, cebmo yi (YHKyii € yinumu Ha

koorcniti 3pisyi {z° +1tb:t € C} ona dosinvrozo z° € C" ma ona ¢hixcosanozo

nanpsamky beC"\{0}, ma (ImyeZ,) (VmeZ,) (VzeC") ona saxux
BUKOHYEMbCSL HACMYNHA HEPIGHICMb

PG, |GFE)

m\L"(z) ~ oskemy K\LF(z)°

Ooe L:C"—>R, - dooamua Henepepsua @QyHKyis, abF(z)ziF (z+1b) |-

OLF =0,(0!'F) ona p=>2. 06’ ekmamu docniocenns € cyma ma 006ymox

@dyHryitl 3 yvoeo Kuacy. 3HaiideHo OoCmamHi YyMosu, SKi 3abe3neyyromo
obmedicenicmb L -inOeKcy 3a mum camum HAnpsamKom Ol yux onepayiil.
3okpema, muodrcenHa GyHKYil 3 Yb0O2O KIACY € 3AMKHEHOI0 ONepayicio.

Knwuoei cnoea: obmeoswcenuni  inoexc, ooOmexcenuil L-inoekc 3a
Hanpsmkom, QyHKyis 3pisku, 2010MopgHa QyHKYis, odmedxcenutl l-inoexc,
cyma.
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